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1. INTRODUCTION

The Boundary Control method can be used to solve several coeffi-
cient determination problems for wave equations. The method origi-
nates from [5], and it allows for building a rather comprehensive theory
of inverse problems of coefficient determination type. Indeed, many
such problems can be reduced to inverse boundary spectral problems,
which again can be reduced to coefficient determination problems for

wave equations. This is the case for inverse problems for heat and
1
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non-stationary Schroddinger equations [6], as well as for several time-
fractional 7] and space-fractional [8] equations. Inverse problems for
linear elliptic equations on a wave guide [9], and some (very special)
non-linear elliptic equations [I0] are also covered by this theory.

The method has been generalized for symmetric systems of wave
equations with scalar leading order [I1] and for wave equations on
Lorentzian manifolds satisfying a curvature bound [12].

The purpose of these lecture notes is to give an introductory expo-
sition of the method. For an in-depth presentation, we refer to the
monograph [3].

2. A MODEL PROBLEM IN 1+ 1 DIMENSIONS

Consider the following initial-boundary value problem
(02 — 02+ qu=0; onR" x(0,1);
ul,_o = f;
(1) o
ul,_, =0;
uly_g = Opul,_y =0,
where f is a boundary source, ¢ is a potential, and R* stands for the

interval (0,00). We denote its solution by u/ = wu(t,x). Define the
Dirichlet-to-Neumann map

2) Af = 0pl| .

Then the inverse problem is stated as follows: recover the potential ¢,
given the operator A.

2.1. Finite speed of propagation in the case ¢ = 0. The finite
speed of propagation property for the acoustic wave equation plays a
central role in both direct and inverse theory. To illustrate the property
in the simplest possible case, let us consider with ¢ = 0, that is,

(3) (07 — 2)u = 0.
We set
E(t,x) = |Owu(t, )|* + |0pu(t, z)|>.

Theorem 1 (Conservation of energy). Suppose that u € C*(R* x (0, 1))
satisfies
{(@2 -9 u=0 onR" x(0,1)

u |3::0 =u ‘x:l = 0
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Then the global energy

satisfies O,E(t) = 0 for allt > 0.
Proof. We write,

1
QB(t) — % / 0,E (¢, 2)da
0

1
= / (Opu(t, z)07u(t, z) + Oyu(t, )9, 0,u(t, x)) du.
0
By integration by parts, we obtain
O E(t) = [Dpult, ©)0pult, )],

+ /0 (O7ul(t, z) — Q2u(t, z)) Dyu(t, z)dx.

The first term is zero since u(t,0) = u(¢,1) = 1 and the last integral is
zero since u satisfies the wave equation. 0

Theorem 2 (Finite speed of propagation). Suppose that u € C*(R+ x (0, 1))
satisfies

(02 =) u=0 onR" x(0,1)
u ’x:l = 0.

Then the local energy

satisfies O,E(t) < 0 for all t > 0.

Proof. We write, by using Leibniz integral rule,

:—-5@ P+ / (Byult, 2)32u(t, ) + yult, 2)0idyult, o)) d.

t
An integration by parts gives

,E(t) = —%5@, t) + [Ouult, z)dyult, )],

+ /t (O7u(t, z) — Q2u(t, z)) dyu(t, z)dx.
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Since u is the solution of the wave equation the last integral is 0. More-
over, since u(t, 1) = 0, the second term is 0 at 1, so that

O,E(t) = —%5(15,15) — Ayult, ),ult,t) = —% (Dyult, t) + dyu(t, 1)) < 0.
O

In particular, if £(0) = 0 then E(t) = 0 for all £ > 0. So if v and
Oyu vanish initially on the right half line {x > 0} then at time ¢ they
vanish on the half line {x > t}. To see that this statement is optimal,
observe that u(t,z) = f(z —t) is a solution to for any f € C?*(R),
and choose f(r) vanishing for » > 0 but not near r» = 0.

2.2. Finite speed of propagation for general ¢. Let us now con-
sider a wave equation with a potential as in , and prove a finite speed
of propagation result in the very natural setting of a diamond, see the
set K in Theorem [3| below. It is also possible to study the case where
boundary conditions are posed, say at x = 0 and x = 1 as before, and
where the diamond intersects the boundary of R™ x (0,1). However,
we leave this case to the reader.

Theorem 3 (Finite speed of propagation). Let X > 0 and define
K ={(t,x) e RxR:|z| <X —|t|}.
Let g € L®(K) and let uw € C*(K) be a solution of the equation
{(8,? — P2 +q(t,x)u=0, onK;
U |,g = 0w |,_g =0, on (=X, X).
Then ul, = 0.

Proof. We will consider the case ¢ > 0. The case t < 0 is analogous
and we omit its proof. Let us set I(t) = [-X + ¢, X —t] and define the

energy

E(t) = %/l(t) E(t,x)d.

Using Leibniz integral rule, we obtain
1
OE(t) =— = (\atu(t X =)+ |0.u(t, X —1)]%)

— 5 (0, (X — )+ [eult, ~(X — 1)P)

/ (Opu(t, z)0Fu(t, ) + Oyu(t, )90, ult, x)) du.
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An integration by parts gives
1
OE(t) =— 3 (|0su(t, X — )] + |0pu(t, X —t)])

(1Dt~ (X ~ D)+ D,u(t, ~(X ~ )P
4 atu £ X — 0)duu(t, X — ) — dyu(t, —(X — £))dyu(t, —(X — 1))

/ dvu(t, Fu(t, ©) — Ou(t,x)) dx.

Therefore,

OE(t) = — %(yatu(t, X —1)] — |Opu(t, X — t)\)
- %(yatu(t, —(X =) + |0u(t, — (X — t))l)
+ /I(t) du(t, z) (Ofu(t, z) — u(t, z)) du.

Since the first two terms are non-positive, it follows
—/ Owu(t, x)q(t, z)u(t, x)dx
1(t)

+ / Ayu(t, ) (Ofu(t, z) — Ou(t, z) + q(t, z)u(t, z)) da.
1(t)

Let us use notation
P = 03 - 8§ +q.
The Cauchy-Schwarz inequality imply

—l—/t O E(s)ds
O)+2/0 /1( | (|8tu(s,x)|2 + 1q(s, 2)u(s, z)|* + | Pu(s, x)|2) dzds.

Hence,

(4)

E(t) < E(0)+C (/{:E(s)ds + /Ot /I(s) (Ju(s, 2)[> + | Pu(s, z)[?) dmds) :

where C' is a constant depending on ¢ and X, which will change from
line to line.
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Let us now take care of the |u|? term caused by the potential q. We
will use arguments close to the proof in [2, Sec. 4.2]. For x € R fixed,
we know

u(t,z) = u(0,x) +/O Ou(s, x)ds.

Let us square it, and then, use Cauchy’s inequality and the Cauchy-
Schwarz inequality to obtain

t
(5) lu(t, 2)|* < 2|u(0,2)|* + Qt/ |Oyu(s, z)|ds.
0
Next, we define
z(t) = E(t) +/ lu(t, z)|*dx.
1)

Using and , we estimate

2(t) < BE(0)+C (/OtE(s)ds—l— /Ot /I(s) (lu(s, )2 + | Pu(s, z)|?) dxds)

t
+ 2/ [u(0, z)|*dz + 2t/ / |Oyu(s, z)|*dsdz.
I(t) I(t) Jo

Since we consider ¢t € [0, X], and since I(t) C I(s) for s € [0,], the
last term can be estimated from above by 2X fg E(s)ds. Therefore, we
have

+(t) < C(0) + C/Otz(s)ds—l— c/ot /I(S) \Pu(s, z)2dds.

Using the Gronwall’s inequality in the integral formﬂ, we obtain

(6) ()< C <z(0) + /O t /I ) |Pu(s,x)|2d:cds) |

Since z(0) = 0 and Pu = 0, we conclude that z(¢) = 0 for t € [0, X].
Recalling the definition of the function z, we see that u(¢,z) = 0 for
t €0, X] and = € I(t). O

Theorem 4 (Unique continuation). Let T'> 0 and define
K ={(t,x) e [-T,T] xR : |z| < T —|t|}.
Let g € L*(K) and let u € C*(K) be a solution of the equation
{(53 — P +qt,x)u=0, onRxR;
U,y =0pu|,_qg=0, on [-T,T)].

U1, Appendix B.2.K]
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t“ t“
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a) Finite speed of the wave propagetion b) Unique continuation
1+ 1 dimensional case 1+ 1 dimensional case

FIGURE 1.

Then ul, = 0.

Proof. By interchanging the roles of ¢ and x, we see that the theorem
coincides with Theorem [3} see Figure [1] O

2.3. Homework: direct problem for the wave equation. We con-
sider the equation

(7) (0] = A+q(2)u(t,x) = f(t,z), in (0,T)xR",
U|t:0 = atu|t:0 =0,

where ¢ € C3°(R™). The proof of finite speed of propagation generalizes
to higher dimensions (but the proof of unique continuation does not).

Theorem 5 (Finite speed of propagation, nD). Let Q C R™ be an open
set. Assume that u € C*(R x R™) is a solution of the equation

Ul =0 |,_g =0, on €.

{(@2 —A+gq(z)u=0, onR xR

Then
ul, =0,
where

C:={(t,x) e RxR":d(z,R\ Q) > |t]}.
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Homework 1. Write 0 = 07 — A,
I(s) ={(t,z) e C : t = s},

and define z analogously to the 1D case. Show that

(8) A(t) < ( //( O+ qu sx)|dxds).

Hint: The case ¢ = 0 is proven in |

Homework 2. Prove Theorem [3.

2.3.1. Eumistence of solutions. Let f € C§°((0,7) x R™). Then there are
R, e > 0 such that

supp(f) C (e,T) x B(0, R).
We use the shorthand notation

B=B(0,R), K= |J B(O,R+1).

te(e,T)

Choose x € C§°((0,00) x R™) such that x = 1 near K, and define the
spaces

= C5°((—00,T) xR"), Yo ={x(O+ qJw; w € Xo}.
Homework 3. By considering the function u(t) = w(T — t), verify
that the finite speed of propagation estimate (@ implies
lw®)|l 1) + 10w )| 25) < Cl(O+Qulr2i), tE(6,T), we Xo.
In particular,

lwllz2supp(ry) < CliX(O + Qull2@ieny,  w € Xo.

We define a linear map Lg : Yy — R by
Lo(x(B+ qgw) = (f,w).

Here (-,-) = (-, ) 2(g1+n) is the inner product in L*(R'*"), and we write
||| for the associated norm. Note that Lg is well-defined, since

[ Lo(x (B + @)w)| < [[flHlwll 2 supp(ry < ClLFNIXOE + g)wl]

The Hahn-Banach theoremf implies that there is a continuous linear
functional L on L*(R'™) that coincides with Ly on Y. The Riesz
representation theoremﬂ implies that there is v € L*(R'*") such that

L(¢) = (v,9), ¢ € L*R"™™).

thtps ://en.wikipedia.org/wiki/Hahn¥%E2%80%93Banach_theorem
Jhttps://en.wikipedia.org/wiki/Riesz_representation_theorem
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Thus for w € X,

(0, x(O+ Qw) = Lx(O + gw) = Lox (O + gw) = (f, w),

We define u = xv. Then v = 0 near t = 0.
Homework 4. Verify that (O + q)u = f in the sense of distributions
on (0,T) x R'*™,

Note that we can not right away use to conclude that u is the
unique solution of , since at this point we have shown only for
functions in C?*(R!'™). For this reason we need to show that u has
better regularity properties than just L2

2.3.2. Regularity. A very highbrow way to show that the solution u
obtained above is actually smooth is to use propagation of singularities

for the wave equation. We will outline a more elementary proof though.
Define

X = {v € C=((0, T)xR"*™); supp(v) C (0, T|xR", supp((0+q)v) C (0,T]xB}.
Homework 5. Show that (@ implies for all v € X that supp(v) C

(0,7] x B(0,R+T) and that

) lleormey) + Ivlleromzen) < CIHOE + @)vllz2omr)<s)-

Homework 6. By using the Plancherel theorerrﬁ show the following
lemma:

Lemma 1. Let ¢ € L*(R") and suppose that A¢ € L*(R™). Then
¢ € H*(R™) and
16/l z2eny < ClI(1 = A)l| L2y
Let f € C°((0,T) x R") and let u € L2(R'*™) satisfy (7) in the
sense that (O + ¢)u = f as distributions and v = 0 near ¢ = 0. By the

discussion in the previous section, such u exists.
Set uj = ny/; * u, that is,

u;(t) = / it —s)u(s)ds, j=1,2,...,
R

where 7). is the mollifier as in [I, Appendix C.5]. Then u; € C*(R; L*(R™))
and u; = 0 near ¢t = 0 for large j. Define also f; = ny/; * f.
Homework 7. Show that (3 + q)u; = f;.
Then
Auy(t) = OFu;(t) + qu;(t) — f;(t) € LA(R™),
and therefore Lemma [1| implies that u; € C*(R; H*(R")).

4https ://en.wikipedia.org/wiki/Plancherel_theorem
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Homework 8. Use an induction to show that u; € C®(R; H**(R™))
forallk=1,2,....

Then the Sobolev embedding theoremﬂ implies that u; € C=(R*™™).
In particular, u; € X for large j.

Homework 9. Apply @ to the difference uj—uy, and show that (u;)32,
is a Cauchy sequence in the Banach space

(10) H' = C(0,T; H'(R™)) N C*(0, T; L*(R™)).

Thus it converges, say to s, in this space. But u; — u in the larger
space L%(0,T; L?*(R")), and therefore u = ... In particular u is in the
space H!.

Homework 10. Apply (@ to u; and let j — oo to show that (@ holds
with v = u. Conclude that @ has a unique solution in H'.

Define the linear map
Wo:C2((0,T) x B) = HY, Wof =u,
where u is the solution of (7).

Homework 11. Show that @ implies that Wy has a unique continuous
extension

(11) W L*((0,T) x B) — H".

2.3.3. Higher regularity. Without higher regularity results we are forced
to work with solutions in the sense of distributions, and this can be
cumbersome.

Homework 12. Show thatv € X implies OFv € X for allk = 1,2, ....
Use this and Lemma [l to show

(12)

m—+1 m

ZHUHck(o,T;HmH—k(Rn)) < CZII@’“(D + Q20,155+ ®ny), v E X.
k=0 k=0

Homework 13. Show that Wy : C§°((0,T) x B) — C*((0,T) x R™).
A similar proof can be found in [1, Th. 7.2.3.6].

2.4. An integration by parts trick for the inverse problem.
We begin by recalling that u/ and u” are solutions of (1), when the
boundary source are given by f and g, respectively. Let us define the
function

Win(t,s) == (ul(t,-),u"(s,-)) r20,1)-
Then the following holds

5https ://en.wikipedia.org/wiki/Sobolev_inequality#Sobolev_
embedding_theorem
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Lemma 2. Let f, h € C°(R"). The operator A determines Wyp,.
Proof. Since u/, and u" are solutions of (I]), it follows
(07— 2YWyalt,s) = (02! (1) — qul(8,2), 0 (5,) oo
— (0 (8, ), B2 (5,) = qu(5.)) oo -
Further, using the integration by parts, we obtain
(07 — YW in(t,s) = O,ul (t, 1)u(s, 1) — 9,ul (t,0)u" (s, 0)
—ul (t,1)0,u" (s, 1) + u! (t,0)0,u" (s, 0).
Boundary conditions for uf and u” give
(13) (0F = O2)Win(t,s) = f(t)AR(s) — Af(t)h(s).
Let us denote the right-hand side of by F(t,s), then Wy, is the
solution of the equation
{(af — 2)Wyn(t,s) = F(t,s) on R* x RY,
Win(0,s) = 0:W;(0,s) = 0.

Hence, Wy, is determined by /', and consequently, it is determined by
A. O

2.5. Approximate controllability. The following result is obtained
by transposing unique continuation.

Lemma 3 (Approximate controllability). Let 0 < s < T < 1, then the
set
B(s,T) = {u!(T,) - f € CE((T — 5,T))}
is a dense subset of L*(0, s).
Note that due to finite speed of propagation the function u/(T,-) is

supported on [0, s]. Hence it is natural to view B(s,T) as a subspace
of L*(0, s).

Proof. To show density, it is enough to prove that B(s,T)* = {0},
where
B(s,T)" = {v e L*((0,s)) : (v,u)12(0,) = 0 for all u € B(s,T)}.

Let h € B(s, T)*. Let w be the solution of the equation

(0 — 32+ q(t, 2)w(tz) =0 on (0,T) x (0, 1);

W |x:0,1 = 07

w |t:T = 0;

ﬁtw ‘t:T = h.
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Let f € C3°((T — 5,T)). An integration by parts, together with the
boundary and initial conditions for uf and w, give

0= ((97 =07 +q) v, w)LQ((O,T)x(O,l))_(uf’ (0F = 0; +q)w) L2((0,T) % (0,1))

1 T
= —/ u! (T, 2)0yw(T, x)dx — / uf (t,0)0,w(t, 0)dLt.
0 0

Since h € B(s, T)*, the first term of the right-hand side is zero, so that

T
0= / f(t)0,w(t,0)dt,
0
which is true for arbitrary f € C5°((T — s,T)). Hence, 0,w(t,0) = 0
on (T'—s,T).
Let @ be the odd extension of w to (7,27 x (0, 1), more precisely,
t iftet<T
Gt x) = w(t, x) ift € =
—w(2T —t,x) otherwise.
Then @ satisfies
(02 — 32+ q(t,z))&(t,z) =0 on (0,27) x (0,1);
@,g=0 on (0,27);
Oy |,y =0 on (T'— s, T+ s).
By unique continuation Theorem [4] we obtain that i = 0 on
{(t,z) e (T — s, T+5s)x(0,1): || <s—|T—t|}.
In particular, 9w (T, z) = h(z) = 0 on (0,s), so that B(s,T)* = {0}.
U

2.6. Homework: geometric optics. We will need the following lemma

Lemma 4. Let T > 1, then for any xy € (0,1) there is f € C§°(0,T)
such that u/ (T, xq) # 0.

Geometric optics can be used to prove the below lemma as outlined
in this homework. They also give a method alternative to the Boundary
Control method to solve inverse problems

The idea is to find first an approximate solution of the form

00D (qo(t, ) + o tay(t, x) + o 2as(t,x) +...), o >>1,

and then an actual solution u = ei""’(ag +...)+7r, where the remainder
ry converges to zero as 0 — oo. We will begin with the single term
approximation e°?q, and write ay = a.

bsee e.g. /https://www.mv.helsinki.fi/home/lsoksane/leipzig.pdf
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2.6.1. Single term ansatz. The equation
(0F = +qu=0

is equivalent with

(14) (0F = 0 + q)ro = = (07 — 9% + q)(e""?a),
and we want to choose ¢ and a so that
(“C) (0F — 02)(¢""%a) = (3} ~ OP)a.

The rationale is that in this case the absolute value of the right-hand
side of is independent from o, and therefore r, is at least not
blowing up as ¢ — oo.

It is a simple matter to expand the left-hand side of (“C”) but a useful
computational technique is to consider the conjugated wave operator

e_i”‘z’(@f - 8§)ew¢ = e_wd’@few(ﬁ 4= 71999,
Now, as an operator, e~7?9,(e"7?-) = 9, - +io(0;¢)- and
(e7700,(e'7%))? = 8} - +2i0(0,0)0; - —0°|0p¢|* - +io (D7) -
Treating the spacial derivatives in the same way we get
e™70(0F = 07) (%) = (0} — 0Y)-
+i0 (20,60, - —20:60: - +(0; = 9;)¢-) — o (|00 — [0:0[*)

Therefore for a # 0, (“C”) is equivalent with the following two equa-
tions

(E) |0:0* = [0.0]° = 0,
(T) 20,00,a — 20,¢0,a + (02 — O*¢p)a = 0.

It is natural to normalize ¢ so that (E) becomes |0;¢|? = |0,¢|* = 1.
There is some freedom when choosing a solution to (E), but for our
purposes it suffices to use the linear solution ¢(t,z) =t — x.

The transport equation (T) simplifies now to

ora + Oyza = 0.
The solutions to this are of the form a(t,z) = x(t — x).
2.6.2. Two-term ansatz. Let us consider the two term approximation,
€A, A=ag+o0 tas,

and choose ¢ and ag = a as above. As we are using a more complicated
amplitude, we can ask for more than (“C”), namely

(0} =02+ q)(e?A) = O(c7"), o>>1.
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We use the conjugation formula , to obtain
e 70 — 024 q) (€9°A) = (9] — 92+ Q) A + 2i(0; + O)ay.
This is of order o~! whenever a; solves the transport equations
dar + Opay — %(af —2+qay=0, j=12,
or after the change of variables,
t— ot

t+ a2t
- ) r= )
2 2
equivalently ;a1 = £(87 — 92 + g)ao. Therefore we may choose

S

a(s,r,2') = %/ (02 — 02 + q)ap(s',r,2")ds’.

Note that ¢ = 0 is equivalent with s = —r. The choice of the lower
limit —r in the integration implies that a; = 0, when ¢ = 0.

2.6.3. Solving for the remainder. When y € C5°(R) and n € C§°(R™™1),
the restrictions of all the amplitudes a;, j = 0,1, 2, are compactly sup-
ported in [0, 7] x R™. We recall that the wave equation

Ou+qu=F, in (0,7)xR",
U|4—g = Optt]y=o = 0.
has a unique solution u satisfying
[wlloorm @ny) + l[wllororze@ny) < ClF | L20r) xR,
see e.g. [I, Theorem 7.6]. We solve
Ory + qre = —(O 4 ¢)(e°?A), in (0,T) x R",
Tolt=0 = 0o |t=0 = 0.

As the right-hand side is pointwise of order o~}

ported, we see that r,|—r = O(c™') in H'(R").

Homework 14. Prove Lemma [{ Hint: Use the Sobolev embedding
H'(R) € C(R), see [4]. The idea is that r, is small pointwise and
thus ag dominates pointwise along the ray t = x assuming that x in its

definition satisfies x(0) # 0.

and compactly sup-

Remark 1. In the arguments above, we consider two terms approx-
imation, however, we also could derive a longer expansion. This is
useful for obtaining better reqularity for the solution, which again is
important if we consider the higher dimensional case, where the cor-
responding Sobolev embedding theorem becomes H*(R™) C C(R™) for
k>n/2.
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2.7. Solution to the inverse problem. Consider two potentials ¢;
and ¢o. Let us write u{ , ug for the solutions of with ¢ replaced
by ¢ and ¢, respectively. The corresponding Dirichlet-to-Neumann
operators, see , are denoted by Ay and Ay. We will show that A; =
Ay implies ¢; = ¢s.
Lemma 5. Assume that Ay = Ay. Let 0 <z < T and let
i €CR(T -2, T), j=12,...,

be a sequence such that
(15) uP(T,) = 1w (ul(T,)  in L*(0,1).
Then

u (T, ) = Low (ud(T,)  in L*0,1).
Proof. Let f € Ce(T — x,T) and let k = 1,2. We compute

- 2 = 2
ol (@)~ (@), = [T = 0n (T

L2(

L2(0,1)
(16

2
Low () =1 fT,-‘
om0 =Dl ,

+2 (ul(T) = Lo Ou{(T), (Lo () = D uf(T)
Due to finite speed of propagation, we know that u{ (T, -) is supported
in (0,z). Therefore, the functions

Ui(T, ) - 1(07I)(')u£(T7 ) (1(0@)(’) - 1) ui(Tv )
have disjoint supports, so that becomes

2 2

A7) ||ul(@.) = (1)

Huij(T, ) = Loy ()ul(T, ‘)‘

L2(0,1) - L2(0,1)

2

Lo () —1 fT,-‘
Qom0 =Dl ,

In particular,
(18)

inf Hui(T,-)—ui(T,-)‘z

2

= H (Lo () = 1) up (T, ')’

FeCs (T—a,T) £2(0,1) £2(01)
Let f; € C°(T — z,T) satisty (15). Then
2 . 2
lim ‘ufj T,) — (T, ‘ = inf Huf T,-) —ul(T,- ‘ .
Jim {joy’ (T ) = (T ) B~ feoo_ ) (1) =y (T,) o
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Due to Lemma

2 ~

tim o (7) = ef(ro)| =t (1) - ()

j—ro0 L2(0,1)  feCge((T—w,T)) L2(0,1)
Using and we see that
2
[T = 1w Oudmo|,
= |y —dero|| . =] Qo) -], o
£2(0,1) £2(0,1)
]

Corollary 1. Assume that Ay = Ay. Let f, g € CF(RY), let T, s € R
and let x € (0,T). Then

(19)
1x-fT-h-> :<1Z-fT-h-) .
(Lom Ol ()18 (9) = (Lom (T ), Gs0))
Proof. By Lemma 3| there is a sequence {f;} C C3°(T — x,T) such
that
i
w (T, ) = Lo (Jui (T, )

in L? for k = 1. By Lemma [5| this holds also for & = 2. In view of
Lemma [2, we have

) f . h . 1 fj . h .
(1(0796)( Yuy (T, ), uy (s, )>L2(o,1) = jlggo <U1 (T,-),uy (s, ))LQ(OJ)

L 5 N ol o Noyf A o h(e .
= ]lggo (u2 (T, ),UQ(S, )>L2(071) = (1(0,90)( )UQ (T, )au2(87 )>L2(071).
U

Now we are ready to prove the main result of this section
Theorem 6. If A; = A, then q1 = qo.

Proof. Assume that A; = A,, then holds. We consider T" > 1 and
let z € (0,1). Let us differentiate the left-hand side of (19):

8:(: (1(O,x)<)u{(T7 ')7 uill(sa ‘)>L2((0 )
o, / W (T, y) (s, y)dy = ul (T, )l (s, 2).
0

Therefore, by , we obtain
(20) uf (T, ) (s, 2) = (T, w)us (s, ).
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Due to Lemmald] for each = € (0,1) there is f € Cg°(R™) such that
u! (T, z) # 0. Choosing such f we may define
ul (T, z)
uy (T, )

We emphasize that the choice of f depends on z, and it may appear
that w could be non-smooth. However, it is smooth. Indeed,

(21) ui(s, ) = w(z)uz (s, ),

w(x) =

and for each xq € (0,1) there is h € C§°(R™) such that ub(T, ) # 0.
Thus, for x near x,

u(T, x
w(x) = —USET, xi

As the right-hand side is smooth for x near xg, and as xy € (0,1) is
arbitrary, we see that w is smooth.

Let us now take f = h and s =T in and use ,
(uz (T, 2))* = (u} (T, 2))* = w(2)(uz (T, )%,

Choosing again = € (0,1) and h € C°(R*) such that u}(T,x) # 0, we
see that w?(x) = 1. The smoothness of w implies that it is a constant
function taking the value 1 or —1. To summarize

ui(s, o) = Fuy(s, v),

for all s > 0, x € (0,1) and h € C§°(R™).
There holds

0= (07 -0+ ql)u? =4(07 - 0* + ql)ug =+(q — q2)ug.

Choosing such h € C°(R*) that u}(T,z) # 0, we get q;(z) = ga(w).
U

3. A GEOMETRIC INVERSE PROBLEM

The main advantage of the Boundary Control method is that it works
in general geometric settings. Let (M, g) be a Riemannian manifold
with boundary and g € C*°(M). Consider the wave equation

Ofu—Aju+qu=0 onR" x M,

u |t:0 = O |t:0 =0.
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Here A, is the Laplacian. In local coordinates, it is given as follows

1 - -
Ay = ——x= 0; (\/det(g)g™0; - ) .
T Vdet(g) ; ( 7 )
We define the Dirichlet-to-Neumann map
A: CPRY x OM) — C®(RY x OM)

as follows
Af= ayuf ’R“'xc’)M’

where u/ is the solution in of . We will consider the inverse prob-
lem: Determine the potential ¢ given (M, g) and A.

It turns out that the speed of propagation is given in terms of the
natural distance function d, on (M,g). That is, it takes the time
dy(z,y) for a wave to propagate from a point = € M to a point y € M.
We recall the definition of the distance on Riemannian manifold.

If (M, g) is is a connected Riemannian manifold and p, ¢ € M, the
(Riemannian) distance between p and ¢, denoted by d,(p, ¢), is defined
as follows

dy(p,q) = inf{i(v):v € Cp4t,

where

Cpq :=17:10,b] = M : v is a piecewise smooth, continuous curve and
7(0) =p, 7(b) = q}

and

1) = [ ool sa

Before entering into the multidimensional geometric case, let us see
how non-constant speed of sound gives the speed of propagation in
1+ 1d.

3.1. Finite speed of propagation with nonconstant speed of
sound. Let ¢ € C*°([0, 1]) and suppose that ¢(x) > 0 for all z € [0, 1].
Consider a solution u to

(23) (0} —20Hu =0 onR' x (0,1),
which satisfies
u |a::1 = 0
We set
E(t,2) = ¢ 2(@)| Ot o) + |O,u(t, 7).
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We want to find an increasing function r € C*°(R) with 7(0) = 0 such
that the energy

1
Bty == [ &(t,)de
2 )i
satisfies
(24) QE(t) < 0.

The slower r increases, the better finite speed of propagation result we
will get.
We write, by using Leibniz integral rule,

OE(t) = —%r’(t)é’(t,r(t)) + % /(t) 0E(t,x)dx

- —%r’(t)g(t,r(t))—l— / (¢ (z)0pu(t, )0} ult, x) + Oyu(t, ©)Oppu(t, x)) du.
r(t)

Integration by parts gives
L,
O E(t) = —57 (E(,r(t)) + [Orult, x)&tu(t,x)]i(t)

1

+ / (207 ult, z) + OZu(t, x)) Dyu(t, z)dx.
7(t)

Since u is the solution of the wave equation the last integral is 0. More-

over, due to the boundary condition, the second term is 0 at x = 1, so
that

O E(t) = —%r'(t)g(t,r(t)) — (Opu(t, 2)0pu(t, )| — ey -

Note that ' > 0 since r is increasing. Therefore, using a simple in-
equality

1
2.7y < ax® + =y, for o, x,y > 0,
!
we know that (24) holds if

or equivalently,

(25) r'(t) = c(r(t)).

This equation is solvable. Indeed, consider the following function

v
p(z) = /0 @dy.
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Since p is a strictly increasing function, its inverse function exists, so

we can set

r(t)=p7'(t)
It is easy to check that this function indeed satisfies . Observe that
if ¢ = 1 identically, we obtain r(t) = t.

The function p is the travel time between 0 and z: the time necessary
for perturbation at 0 to reach x. It also can be interpreted as the
distance from 0 to x. Indeed, let us consider the metric

g = ¢ %dz,
on [0,1]. Then, for = € [0, 1], we get

dy(0, ) véggx/o \/g7 (t))dt.

Let v be a minimizer curve. Then 7 : [0,b] — [0, 2] needs to be a
bijection. By changing the coordinates 7 = (t), we obtain

b ' 1 B x; _ N
B0 = SO =y ey =

3.2. Main tools. Asin the one dimensional case, the main ingredients
of solving the inverse problem we are considering here are the finite
speed of propagation and unique continuation.

Theorem 7 (Finite speed of propagation, nD). Let Q@ C M be an open
set, and define

C={(t,x) e Rx M :dy(z, M\ Q) > |t|}.
Assume that u is a solution of the equation
{(@2 — Ay +q(z)u=0, onRx M,
Uleg = Ot |,g =0, on €.
Assume, furthermore, that U|Cm(RxaM) =0. Then u|, =0.
We omit the proof and refer to [3, Theorem 2.47].
Theorem 8 (Unique continuation, nD). Let u € HY([-T,T] x M)

satisfy the equation
Ou—Agu+qu=0 onR" x M.
Assume that

u |[—T,T]><F = Jyu ’[—T,T}XI‘ =0,
where I' C OM is open. Then
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A
t t

A

ul —u| -0 -
{0}xQ {03xQ U li—1T1x00 = 90U |1 T1x00 = O

a) Finite spead of the wave propagetion b) Unique continuation
1+ n dimensional case 1+ n dimensional case

FIGURE 2.

where

K= {(t,z) € [-T,T] x M : dy(x,T) < T — ||}

We omit the proof and refer to [3, Theorem 3.16].

Applying Theoremon M\ Q, where Q C M is a small open set with
smooth boundary satisfying 9QNOM = (), allows us to compare unique
continuation to finite speed of propagation, see Figure[2l Clearly these
two results are genuinely different in the higher dimensional case, in
contrast to the one dimensional case. (Recall that in the dimension
one, finite speed of propagation and unique continuation differ only by
interchanging space and time.)

Let I' C OM be an open set. We define the domain of influence

MI,T)={xeM:d,(z,T) <T}
and the set
LA (M(D,T)) := {6 € LA(M) : supp(@) C M(I, T)}

equipped with the L? norm.
Similarly, as we derived Lemma [3| from Theorem [4], Theorem [§] gives
us the following approximate controlability:

Lemma 6. Let T > 0, then the set
BIT,T) = (/ (T, ) f € G((0,T) x T))
is a dense subset of L*(M(T,T)).

Homework 15. Prove the theorem above.
Lemma [4] can be generalized for the multidimensional case:
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Lemma 7. Let T > 0, then for any point xq in the interior of M (T, T)
there is f € C°((0,T) x T') such that u/ (T, ) # 0.

Homework 16. Prove the lemma above.

Remark 2. To obtain the lemma above, higher reqularity estimates
and longer ansatz are needed to get hold of point values, since more
reqularity is needed in higher dimensional Sobolev embedding.

3.3. Solution to the inverse problem. Let 7' > 0. We define for
functions f, h € Cg°(R* x OM)

Wﬁh(t? S) = (uf(tv ')7 uh<87 ))L2(M)
The following lemma is the higher dimensional analogue of Lemma [2]

Lemma 8. Let T > 0 and f, h € C§°(RT x OM). Then the Dirichlet-
to-Neumann map A determines Wyp,.

Proof. We write
(8152 - 8§)Wf,h(t7 S) = (Aguf(t7 ) - quf(t7 ')7 uh(su ))LQ(M)
— (u!(t,-), Agul(s, ) — qu(s, -))L2(M) :
Further, by Green’s identity, we obtain

(O} =02 )W n(t,s) = oyul (t, x)u"(s, x)dS(x)—/ uf (t, 2)0,u" (s, 2)dS(z)

oM oM
= (A, -), h(s, ) 2oy = (F(E; ), MRS, ) 2 gonr)

Let us denote the right-hand side by F(¢, s), then Wy, is the solution
of the equation

(02 — )Wy n(t,s) = F(t,s) on (0,T) x (0,T),
Wf,h(O, S) = 8th,h(0, S) =0.

Hence, Wy, is determined by F', and consequently, it is determined by
A. O

We have the analogue of Lemma [5]

Lemma 9. Assume that Ay = Ay. Let 0 < s < T, let I' C OM be open
and let {f;} C C3°((T — s,T) x I') be a sequence such that

uP (T, ) = Ly (ul (T,)  in L2(M).

Then
uf (T,) = Ly (Jud(T,)  in L(M).
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We omit the proof as it coincides with that in the one dimensional
case. As before, we have also the following corollary

Corollary 2. Assume that Ay = Ay. Let 0 < s < T, t > 0 and let
[' C OM be open, then for any f, h € Cg°(RT x OM), it follows

(1M(F:S)(')u{(T7 ) u?(tu .)>L2(M) = <1M(F’S)('>u{<T7 ot uill(ta ))

Now we deviate from the one dimensional proof.

L2 (M)

Corollary 3. Assume that Ay = Ay. Let 5,5 € (0,7), let t > 0
and consider two open I', I' C OM. Then we have for any f, h €
C5° (Rt x OM)

o N\ k(s
(1M(F78)1M(F,§)u1 (T, ), ui(t, )>L2(M)
— (1ol e oud (T, - ht-) .
( M(T,s) M(F,s)u1< ’ )aul( ’ ) L2(M)

Proof. By Lemmas[6]and [0} there is a sequence { f;} € C5°((T —s,T) x
') such that

uP(T,) = Tyaul (T,-) and  uf (T,-) = Lyrsyud (T)-).
Therefore, using Corollary [2] we obtain

<1M(F15) 1M(f‘,§)u{(T7 )7 U?(t, ))

— T _ i N oy
—jlggo <1M(F,§)U1J(T7 ), uq (2, >)L2(M)
R i h

Jlggo <1M(F §)U2](T7 ), us (L, )) 2(0)

Theorem 9. If Ay = Ay, then g1 = ¢o.

Proof. Let xy be an interior point of M and s := dy(x¢,0M). We
choose T' > s. Let y € OM such that

dy(z,y) = s.

Let T', I' € OM be open subsets and y € I’ ¢ T. In fact, we can take
['=0M. Let also § > s and set

Z = M(T,5)\ M(T,s).
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Then,

1
‘7| (<]‘M(f‘,§)u{(Ta )7 u}ll(tv )>L2(M) - <1M(f‘,§)1M(F,S)U{(T7 )7 U]f(t, )>L2(M)>
- u{ (Tu IO)U?(tv IO)

as § — s and ' = {y}. The same holds for uf and u?, so that by
Corollaries [2] and [3] we know that

u{(T, xo)u’f(t, x9) = ug(T, xo)ug(t, xg).

This is the analogue of , and we conclude as in the proof of Theorem
6l [
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