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Non-linearity helps in solving inverse problems!

> Hyperbolic case: Kurylev—Lassas—Uhlmann, 2018,
Lassas—Uhlmann-Wang, 2019, Sa Barreto—Wang, 2018,
Chen—-Lassas—Oksanen—Paternain, 2019, 2020, Hintz—Uhlmann, 2018,
Feizmohammadi—Lassas—Oksanen, 2020,
Lassas—Liimatainen—Potenciano-Machado—Tyni, 2020, Hintz—
Uhlmann-Zhai, 2020, ...

» Elliptic case: Feizmohammadi-Oksanen;
Lassas—Liimatainen—Lin=Salo, 2019, K.—Uhlmann, 2019, Ma-Tzou, 2020,
Lai—Zhou, 2020, Carstea—Feizmohammadi, 2020, ...

A common feature of these works is that the presence of a nonlinear-
ity allows one to solve inverse problems for non-linear equations in
cases where the corresponding inverse problem in the linear setting
is open.

The purpose of the first part of the talk is to demonstrate this phe-
nomenon for inverse boundary problems for semilinear elliptic PDE
in both full and partial data cases.



The Calderén problem with partial data
Let Q ¢ R", n > 2, be a bounded open set with smooth bound-

ary, and let g € C°°(£2). Consider the Dirichlet problem for the
Schrédinger equation,

(-A+q)u=0 in Q

Assume that 0 is not an eigenvalue of —A + q. Let '1,, C 99 be
arbitrary open non-empty. The partial Dirichlet—-to—Neumann map,

N2 (f) = Oy ulry,  supp (f) C T

TN
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The Calderén problem with partial data: Does /\51’r2 determine g in
Q7



Known results

» n > 3: the problem is open in general. The problem is solved
when
» Mo ={xe€0Q: ‘X X‘ v(x) < e}, xo & ch(Q), >0,
1 = neigh(9Q \ Iz, Q) (Kenig-Sjéstrand-Uhlmann, 2007).

Ao

Note: when Q is strictly convex, I'» could be arbitrarily
small

» n=2: open when 1 N = (). The problem is solved

» when 'y =[5 is an arbitrary open non-empty portion of 99
and g € C1*(Q) (Imanuvilov—-Uhlmann—Yamamoto, 2010,
Guillarmou—Tzou, 2011 (in the case of Riemann surfaces)),

» when 'y N T2 =0, provided that some additional
geometric assumptions are satisfied, and g € C%%(Q)
(Imanuvilov-Uhlmann—Yamamoto, 2011).

Counterexamples to non-uniqueness for anisotropic Calderén problem in the case
of measurements on disjoint sets: Daudé—Kamran—Nicoleau, 2019, 2020.



Partial data inverse boundary problems for
semilinear elliptic PDE

Let Q C R", n > 2, be a connected bounded open set with C*
boundary.

Consider the Dirichlet problem for the following semilinear elliptic
equation,

(1)

—Au+qg(x)u™=0 in Q,
u=1~f on 02,

where m > 2, g € C*(2), 0 < a < 1 (the Holder space).

There exist 6 > 0 and C > 0 such that when f € Bs(9Q) := {f €
C2(09Q) : ||f|| c2a(a) < 6}, the problem (1) has a unique solution
u = ur € C>*(Q) satisfying [ull c2.0 gy < CO.



Let '1,I> C 0N be arbitrary open non-empty. Define the partial
Dirichlet-to—Neumann map,

/\gl’r2(f) = Oyulr,, supp (f)CTy.

i \n

Q

Theorem (K.-Uhlmann; Lassas-Liimatainen—Lin—Salo, 2019)
/\g}’rz = /\g;’rz — q1=q2 in Q.



Remark. We can also consider more general semilinear elliptic equa-
tions,
—Au+ V(x,u)=0 in Q,

where the function V : Q x C — C satisfies the following conditions:

(i) the map C 3 z — V/(-, z) is holomorphic with values in
C¥(Q), for some 0 < a < 1,

(i) V(x,0)=0,V(x,0) =0, for all x € Q.

Hence,
V(x,z) = Z Vie(x Vi(x) :== 85 V(x,0) € C*(M),

which converges in the C*(£2) topology.

Theorem (K.—Uhlmann; Lassas-Liimatainen—Lin—Salo, 2019)
AF=AL = Vi=V, inQxC.



Consider next the following Dirichlet problem,

—Au+qg(x)(Vu)>=0 in Q,
u=1rF on Of.

Here g € C%(Q) for some 0 < a < 1, (Vu)? = Vu - Vu.

For any f € C%%(0Q) small, there exists a unique small solution
u € C>%(Q). Define the partial Dirichlet-to—Neumann map,

Agl’rz(f) = dyulr,, supp (f) C .

i \n

Q

Theorem (K.-Uhlmann, 2019)
/\g:}’r2 = /\g;"—2 = q1 =¢q2 in Q.

Remark. Slightly more general nonlinearities can also be treated.



Idea of the prOOf (higher order linearization: Feizmohammadi—Oksanen;

Lassas—Liimatainen-Lin-Salo, 2019)

Consider first, for j = 1,2,

—Auj+gi(x)u =0 in Q,

uj = f on 89,
Let m = 2 and let us perform a second order linearization of this
problem.
To that end, let ¢ = (e1,£2) € C2, and let f; € C>(9R), supp (f;) C
I, j=1,2. The problem

—Auj + qj(x)uf =0 in Q,

uj =c1fp +e2fp on 01,
has a unique small solution u; = uj(-,€) € C>%(Q), which depends
holomorphically on ¢ € neigh(0, C2) with values in C2%(Q).

Differentiating with respect to ¢/, | = 1,2, taking ¢ = 0, and using
that uj(x,0) = 0, we get the first order linearization,



A =0 in Q
\/J.(I{:ﬁ on 09,

where vj(l) = 0., Uj|c=0, | = 1,2. By the uniqueness and the elliptic

regularity for the Dirichlet problem, we see that v(/) := vl(I) = vz(l) €

C>®(Q), I=1,2.
Applying 0z, 0, |-=0, we get the second order linearization,

—Awj +2q;(x)vMv® =0 in Q,
wj =0 on 0.

where w;j = 0.,0:,Uj|.—0. The fact that
/\gi’rz(slﬂ +e2h) = /\g;’rz(slﬂ + e2f)

forall small e1,e2 and all f1, i, € C>°(0Q) with supp (f1),supp (f2) C
M implies that &,Wl\rz = 8VW2’|'2.



Multiplying the last equation by v(3) € C>(Q) harmonic in Q and
applying Green's formula, we get

2/(q1 — qg)v(l)v(2) v®dx = / (Oywr — 81,W2)V(3)d5 =0,
Q O\l 2

provided that supp (v(3)|5q) C T'2. Hence, we obtain that

/(ql — q)vv®vBldx = o,
Q

for any v(!) € C*°(Q) harmonic in Q, I = 1,2,3, such that
supp (vD]aq) € T1, 1 =1,2, and supp (v |5q) C T>.
Take v® £ 0.

Theorem (Dos Santos Ferreira—Kenig—Sjostrand—Uhlmann, 2009)

Span{vWv@ . v} ¢ €>(Q) harmonic, v\ |so\r, = 0,1 = 1,2} is dense in
LY(Q).

Using this result, we conclude that g1 = go.



Let us now consider

—Auj + q(x)(Vy)>=0 in Q,
uj = e1fy +e2fp on  OSL.

Similarly, performing a second order linearization, we get
/(ql — ) (Vv . vv2)yBgx =0,
Q

for any NON= Coo(ﬁ) harmonic in Q, / = 1,2, 3, such that

supp (v(D|sq) € T1, 1 =1,2, and supp (v(¥|5q) C 2. Our inverse
theorem follows therefore from the following density result.

Theorem (K.-Uhlmann, 2019)

Let Q C R", n > 2, be a connected bounded open set with C* boundary, let
I C 9Q be an open nonempty subset of 92, and let T = OQ\ . Then

Span{Vu-Vv:u,veE C(Q) harmonic, uls = v|z = 0}

is dense in L*(Q).
Lai-Zhou, 2020: partial data inverse problem for nonlinear magnetic Schrédinger
equation.



Inverse boundary problem for nonlinear magnetic

Schrodinger equation

Let (M, g) be a smooth compact Riemannian manifold of dimension

n > 2 with smooth boundary. To introduce the nonlinear magnetic

Schrodinger operator, we consider 1-forms and scalar functions de-

pending holomorphically on a parameter z € C. Specifically, let

A:MxC— T*Mand V: M x C s C satisfy the conditions:

(Aj) the map C 3 z — A(+, z) is holomorphic with values in
CLY(M, T*M), the space of 1-forms with complex valued
CHY(M) coefficients,

(Vi) the map C > z +— V/(-, z) is holomorphic with values in

Cl’l(l\/l),
(Vi) V(x,0) =0, for all x € M.
We have

o K
A(x,z) = ZAk(x)%, Ax(x) := 95 A(x,0) € CHH(M, T*M),
k=0 ’

Vix,2) =Y Vk(x)%, Vi(x) == 85 V(x,0) € CHH(M).



Consider the nonlinear magnetic Schrddinger operator,

LA,VU :dﬁdA(~,u)u + V(': U)

=— Agu+ d*(iA(-, u)u) — i(A(-, u), du)g
+ <A(7 U),A(-, u))gu + V('? U),

for u e C®(M). Here da = d + iA, d : C®(M) — C*(M, T*M)
is the de Rham differential, and dJ is the formal L?-adjoint of da.

Notice that the first order linearization of L4 v is the standard linear
magnetic Schrédinger operator di-da, + V1.
0

Furthermore, we also assume that Ag € C>*(M, T*M), Vi € C>*(M),
and that 0 is not a Dirichlet eigenvalue of the operator d:TodAO + V1.



Consider the Dirichlet problem for the nonlinear magnetic Schrodinger
operator,
Layu=0 in M,

Under the above assumptions, there exist 6 > 0 and C > 0 such
that when f € Bs(OM) := {f € C>*(OM) : 1fllc2.eomy < 6},
0 < a < 1, the problem has a unique solution u = uf € C>*(M)
satisfying [|ul|c2.«(py < C6. We define the Dirichlet—to—-Neumann
map

Aavf = Oy urlom,

where f € Bs(OM) and v is the unit outer normal to the boundary.

Inverse problem: Given Ap v, determine the nonlinear magnetic and
electric potentials, A and V/, respectively.



When A = 0 and V/(x,z) = Vi(x)z, the problem reduces to the
inverse problem for the linear Schrodinger operator —A, + V4 which
asks: given Agy,, determine V.

When A = Ap(x) and V(x,z) = Vi(x)z, the problem reduces to
the inverse problem for the linear magnetic Schrodinger operator
d:TodAO + Vi1 which asks: given A4, v, determine dAg and V;.

» n = 2: the problem is solved (Imanuvilov—Uhlmann-Yamamoto,
2012, Guillarmou—Tzou, 2011).

» n > 3: the problem is open in general. Known results:

» in the Euclidean setting (Sylvester—Uhlmann, 1987,
Nakamura—Sun—-Uhlmann, 1995),

» for hyperbolic manifolds (Isozaki, 2004),
» real analytic setting (Lee-Uhlmann, 1989, Kohn-Vogelius, 1984,
Lassas—Uhlmann, 2001).



Going beyond these settings in dimension n > 3, the problem was
only solved in the case when (M, g) is conformally transversally
anisotropic (CTA) and under the assumption that the geodesic X-ray
transform on the transversal manifold (My, go) is injective.

> in the case of Schrodinger operators: Dos Santos
Ferreira—Kenig—Salo-Uhlmann, 2009, Dos Santos
Ferreira—Kurylev—Lassas—Salo, 2016.

» in the case of magnetic Schrodinger operators: Cekic, 2017,
K.—Uhlmann, 2018.

(M, g) is conformally transversally anisotropic (CTA) if there ex-
ists an (n — 1)—dimensional smooth compact Riemannian manifold
(Mo, go) with smooth boundary such that M CcC R x Mp and
g = c(e @ go) where e is the Euclidean metric on R and c is a
positive smooth function on M.

\2 2

Figure: Source: Mikko Salo's slides



Problem: remove the assumption that the geodesic X-ray transform
on the transversal manifold (My, go) is injective.

» Open in the case of linear Schrédinger equation —Ag + V;.

» Known for Lo yu=—Agu+ V(-,u) =0.

Theorem (Feizmohammadi—Oksanen; Lassas—Liimatainen—Lin-Salo, 2019)

Let (M, g) be conformally transversally anisotropic manifold of dimension n > 3.
If V satisfies the assumptions (V;), (Vii), and

(Vi) 8;V(x,0) = 92V(x,0) =0, forall x € M,
then No,v determines V' in M x C uniquely.
V(x,z) = Z Vk(X)ﬂ‘
k=3

No assumptions on the transversal manifold.



The proof of this result relies on higher order linearizations of the
Dirichlet—-to—Neumann map, which allows one to reduce the inverse
problem to the following density result,

Proposition (Lassas-Liimatainen-Lin-Salo, 2019)
Let (M, g) be a conformally transversally anisotropic manifold of dimension n >
3, and let g € CVY(M). If

/ qu1U2U3U4dVg = 07
M

for all harmonic functions u; € C*°(M), j =1,2,3,4, then ¢ = 0.



We extend the result of Feizmohammadi-Oksanen; Lassas—Liimatainen—Lin—
Salo, 2019 to the nonlinear magnetic Schrédinger equation,
Lavu :dhdA(-,u)u + V(- u)
= Agu + d*(’A(a U)U) - ’<A(7 U), du>g
+ <A(7 U), A(7 u)>gu + V(a u) =0,

Similarly to the assumption (Vj;) on V, we suppose that
(Aii) A(x,0) = 0,A(x,0) =0, forall x € M.

Theorem (K.—Uhlmann, 2020)

Let (M,g) be a conformally transversally anisotropic manifold of dimension
n>3. Let AW AP MxC — T*M and V), V@ . MxC — C satisfy the as-
sumptions (A;), (Aii) and (Vi), (Vi), (Vii), respectlvely If Ny vy = N v
then AM = A® and v = v® jin M x C.

ZAk kl , Vi)=Y Vk(x)%

No assumptions on the transversal manifold whereas the corresponding inverse
boundary problem for the linear magnetic Schrédinger operator is still open in
this generality.



Idea of the proof

Similarly to Feizmohammadi—Oksanen; Lassas—Liimatainen—Lin—Salo, 2019,
our proof relies on higher order linearizations of As v, as well as a
suitable consequence of the following density result, which may be
of some independent interest.
Proposition (K.-Uhlmann, 2020)

Let (M, g) be a conformally transversally anisotropic manifold of dimension n >
3, and let A€ CY(M, T*M) be a 1-form. If

/ <A7 d(U1U2U3)>gU4dVg = 07 (2)
M

for all harmonic functions u; € C*°(M), j =1,2,3,4, then A= 0.



Idea of the proof of Proposition in a simplified
setting

We follow the strategy of Lassas—Liimatainen—Lin-Salo, 2019.

Assume that each point p € MM is the unique intersection point of
two distinct nontangential non-self-intersecting geodesics v and 7.
Assume furthermore that the conformal factor ¢ = 1.

Step 1. Boundary determination. Substitute up = uz = 1 in the
orthogonality relation (2).

Proposition
Let Ac CYY(M, T*M) be a 1-form. If

/ <A7 dU1>gU2dVg = 07
M

for all harmonic functions uy, u» € C*°(M), then Aloy = 0 and 0, A|lam = 0.

This allows us to extend A by zero to R x My \ M, while preserving
its regularity.



By density, (2) also holds for all harmonic functions u; € C>%(M),
O<ax<xl, j=1,...,4.

Step 2. Let s = % with A € R being fixed. We construct harmonic
functions uj € C3(M), j =1,...,4, on (M, g) of the form

up=e Ty ) up = etV (v + 1),
uz = e_sxl(w =+ r3), ug = m,
where
K
rillctomy = O(s™7)

as s — 0o, K> 1. Here v=v(:s),w=w(;s) € C®(Mp) are
Gaussian beams quasimodes concentrating near the geodesics 7 and
v, respectively.

)

IVllaqmo) = Wl aqme) = O(1),

as s — Q.



We have
v(x';s) = s"s TN (k' 5) w(xs) = s"5 eV p(x; ),

where

p(n(t) = t, Vep(n(t) = (1), Im (V2(n(t))) = 0, Im (V>¢)|0 >0,
v(y(n) =7, Vo(3(7) = 4(7), Im (V*e((7)) = 0, Im (V) |5(r)2 > O,

and

= (S m(2). = (Srm)(3)

a0(t.y) = aig (1) + O(lyl).  aoo(t) #0. ¥,
bo(7,2) = aoo(7) + O(|z]),  boo(7) #0, V7.
Here (t,y) and (7, z) are the Fermi coordinates for the geodesics 7

and 7, x € C°(R"2) is such that 0 < x <1, x = 1 for |y| < 1/4
and x =0 for |y| > 1/2, and ¢’ > 0 is a fixed number.



Step 3. Writing A = (A1, A’), substituting our harmonic functions
into (2), and denoting the partial Fourier transform of A in the x;
variable by A(\, x"), we get

/M (=sA1 (20, V2w + (A/2M, ), du ([v]2w)) gy )dVg, = O(L),

as s — 0o. Since v and w can be chosen to be supported in arbitrarily
small but fixed neighborhoods of 1 and ~, respectively, and since n
and v only intersect at p, the products |v|?|w|? and d(|v[*w)w
concentrate in a small neighborhood U of p.

Using the expressions for the Gaussian beams v and w, and dividing
by s%, we obtain that

n—1

s 2 /(—/31(2)\7 ~)+i<AA/(2)\7.)’2id|mSO+d¢>g0)e—2>\Re<p
U

_ _1
|a0|*|bo[e ™V dV, = O(s™2),
as s — 0o, where

¥ =2(Imp+Imey) > 0.



By the properties of the phases of our Gaussian beams, we have
W(p) =0, d¥(p)=0, V?¥(p)>0,

where the later inequality is a consequence of the fact that the Hes-
sians of Imy and Imt at p are positive definite in the directions
orthogonal to 1 and -, respectively.

Passing to the limit as s — oo and using the rough version of sta-
tionary phase lemma (Laplace method), we get

(—AL(2\, p) + i (2), p)((t0) e 2R ago (p) [*  boo(p) > = 0,
where p = 7(tg), for all A € R. As ago(p) # 0, boo(p) # 0, and A is
arbitrary, we see that

_Al(X17 P) + iA/(Xla p)(’Y(tO)) = 07

which is equivalent to

(iA1, A')(x1, P)(1,4(t0)) = O.

Spanning the tangent space T,My by the tangent vectors of the
g g p Y

geodesics which are small perturbations of v, we get A = 0. The
proof of Proposition in the simplified case is complete.



In the case of a general transversal manifold Mp, the non-tangential
geodesics v and 7 might have self-intersections and may intersect in
more than one point, which complicates the proof. Here additionally
to the stationary phase argument, we also rely on non-stationary
phase, where we have to integrate by parts twice. This is precisely
the motivation for our regularity assumption on A € CYY(M, T*M).



Back to nonlinear magnetic Schrodinger equation

Considering the mth order linearization, m > 3, leads to the following
integral identity,

[ (it dar - w10V
= (mid*(A) + V)uy - umy1)dV,

moqand V = V,S}) — V,(,,z), which is valid for
any uj € C>%(M) harmonic, j = 1,...,m+ 1. Setting u; = --- =
um—3 = 1 gives the identity

(m+1)i/ (A, d(Um—2Um—1Um))gUmt+1dVyg
M

where A = AS)_l —A®

= / (mid*(A) + V) um—2Um—1Umtm41)dVg.
M

We first show that Alspps = 0 and 9,A|spm = 0, and then use a
consequence of our Proposition to obtain that A = 0. To recover V,
we let A =0, and rely on the density result of Lassas-Liimatainen—Lin—
Salo, 2019.



Back to the Calderén problem for —A, + V;

The Calderén problem is solved under the assumption that (M, g) is CTA of
dimension n > 3 and the geodesic X-ray transform on (Mo, go) is injective.
(Dos Santos Ferreira—Kenig—Salo-Uhlmann, 2009, Dos Santos Ferreira—Kurylev—
Lassas—Salo, 2016).

Problem. Remove or propose an alternative condition to the injec-
tivity of the geodesic X-ray transform.

This can be done for the linearized version (at V4 = 0) of the above

problem:
If f € L°°(M) satisfies

/ fU1UQ d\/g =0
M

for all u; € L*(M) with —Agu; =0in M, j = 1,2, is it true that f = 0?



Geometric condition on transversal manifold

Definition (Dos Santos Ferreira—Kurylev—Lassas-Liimatainen—Salo, 2017)
We say that (x§,£5) € S*M{™ is generated by an admissible pair of geodesics, if
there are two nontangential unit speed geodesics

v [— T1, Tz] — Mo, Y2 ! [—51,52] — /\/’o7

0< T1, T2,51752 < 0o, such that

(i) 71(0) =2(0) = xo,
(ii) 42(0) + 42(0) = to&p, for some 0 < to < 2, where & is understood as an

element of T, Mi™ by the Riemannian duality,

(iii) 1, 72 do not have self-intersections at the point xg, and xg is the only
point of their intersections, i.e.
Vl(t):X(/)@t:Oa ’}/2(5):X6<:>S:07
m(t) = 72(s) = 7(t) = 72(5) = %0



We have the following analytic microlocal result, which is an analog
of the result of Dos Santos Ferreira—Kurylev—Lassas-Liimatainen—Salo, 2017,
established in the C>®—case.

Theorem (K.-Liimatainen—Salo, 2020)

Let (M, g) be a transversally anisotropic manifold and assume that the transver-
sal manifold (Mo, go) is real analytic with real analytic boundary and real analytic
metric go, up to the boundary. Assume furthermore that f € L°°(M) satisfies

/ fU1LI2 dVg = 07
M

for all uj € L>(M) with —Agu; = 0 in M™. Let (x},£0) € S*ME™ be generated
by an admissible pair of geodesics. Then for any \ € R, one has

(x0, &) ¢ WF,(F(X,-)) € T"Mg™\ {0}

Here we extend f € L°°(M) by zero to (R x Mp) \ M. Writing
x = (x1,x") where x; € R, and x’ are local coordinates My, we let

f()\,x'):/ e Mf(x, x) dxy, N ER,

—00

be the Fourier transform of f with respect to x;.



We have the following global result, which gives the positive answer
to the linearized Calderén problem under suitable geometric assump-
tions.

Theorem (K.-Liimatainen—Salo, 2020)
Let (M, g) be a transversally anisotropic manifold and assume that the transver-

sal manifold (Mo, g0) is connected, M{™ as well as go in M are real analytic.

Assume that every point (x,£5) € S*M® is generated by an admissible pair of

geodesics. Moreover, assume that f € L*°(M) satisfies

/ fU1U2 dVg = 07
M
for all uj € L>(M) with —Agu; =0 in M™. Then f =0 in M.

Note that while (Mo, go) is real analytic, our Theorem does not follow
from the existing results in the real analytic setting, as it corresponds
to deforming the zero potential by an L perturbation.



There are transversally anisotropic manifolds (M, g) with a transver-
sal manifold (Mo, go) satisfying the geometric conditions of our The-
orem and with a non-invertible geodesic X-ray transform. Therefore,
the geometric Calderén problem is still open on such manifolds while
our Theorem gives a positive solution to the corresponding linearized
problem.

Example

Let Mo = S! x [0,4a], a > 0, be a cylinder with its usual flat metric
go. The geodesics on My are straight lines, circular cross sections,
and helices that wind around the cylinder. The geodesic X-ray
transform is not invertible, since the kernel contains functions of
the form f(et,s) = h(s) where h € C§°((0, a)) integrates to zero
over [0, a]. However, one can check that every point

(x5,&p) € S*M(i)”t is generated by an admissible pair of geodesics.



Gaussian beam quasimodes with exponentially
small errors

We have the following essentially well known result (see Sjsstrand, 1975,
1982, Babich, 1996).

Theorem

Let (X, g) be a compact real analytic Riemannian manifold of dimen-
sion n > 2 with real analytic boundary and real analytic metric g,
up to the boundary. Let v :[—T1, To] = X, 0< Ty, Tr < o0, be a
unit speed non-tangential geodesic, and let A € R. There is a family
of C* functions v(x; h) on X, 0 < h <1, and C > 0 such that
supp (v(+; h)) is confined to a small neighborhood of ~([—T1, T2])
and

_1
I(=h*Dg = (hs)*)vlliz(x) = Ole @), [Ivlliz(x) < 1,

as h— 0. Heres:%+i)\.



Theorem (continuation)

The local structure of the family v(x;h) is as follows: let p €
Y([=T1, T2]) and let t1 < --- < ty, be the times in (—Ti, T2)
when v(t)) = p, I =1,..., Ny,. In a sufficiently small neighborhood
V of a point p € v([— Tz, T2]), we have

V’V = V(l) _|_ + V(NP)7

where each v{!) has the form

v (x; h) = =7 s (x) (1 )(x; h).

Here o = ©\) is real analytic in \V/ satisfying for t near t;,

e(1(1) = t, Ve(y(1)) = §(1), Im(VZp(7(1))) >0, Im(V>¢)l59+ > O,

and a\") is an elliptic classical analytic symbol in a complex neigh-
borhood of p.



Idea of the construction of quasimodes

Boutet de Monvel-Krée, 1967, Sjostrand, 1982: Let V C C" be an open set.
We say that a(x; h) = 32, h¥ak(x) is a (formal) classical analytic symbol in V/
if ax € Hol(V), k=0,1,2,..., and for every V CC V, there exists C = Cy >0
such that

la(x)| < CTKE, x eV,
k = 0,1,2,.... The classical analytic symbol a(x; h) is said to be elliptic if

30750.

We work in the Fermi coordinates where the 7 is given by {x =
(t,y) : y = 0}. Consider the following Gaussian beam ansatz,

; 1
v(t,y; h) = e’s“’(t’)’)a(t,y; h), s= P +iX, AER,
where the phase ¢ is complex valued with Im ¢(t,y) > 0 and a'is an

amplitude. As usual, this leads to solving the eikonal equation for ¢
and a sequence of transport equations for a.



In the usual Gaussian beam construction in the C®—setting, one
solves the eikonal equation to a large, and sometimes infinite, order
along the geodesic. Working in the real analytic setting, it is natural
to solve the eikonal equation,

(do,dp)g — 1= p(x, ¢ (x)) = 0.

in a complex neighborhood of a geodesic segment of v. Here p(x,&) =
\§|§(X) —1, holomorphically continued to the complex domain. When
solving the Hamilton-Jacobi equation, we proceed by a geomet-
ric argument, constructing a suitable complex Lagrangian manifold
A C p~1(0) in a complex neighborhood of the null bicharacteristic
corresponding to the geodesic segment. Furthermore, we construct
A so that it is positive and so that it stays transversal to the fiber
along the entire bicharacteristic. The solution ¢ is then obtained as
a generating function of A.



We next show, by adapting the nested neighborhood method of Sjés-
trand, 1982, to cover the entire geodesic segment, that the solution
a(x, h) of the transport equations is given by an elliptic classical
analytic symbol. Thus, we get for N =1,2,...,

e P (—h Ay — (hs)?) Is<p<zh’al> = N2 Ty(an),  (3)

j=0

where T is a second order differential operator with analytic coeffi-
cients. Cauchy's estimates and the definition of analytic symbol then
yield that the right hand side in (3) is bounded by AN+2CN+INN,
Letting the order N of the expansions of a depend on h as N =
N(h) = [+1] gives the exponentially small error in the theorem.

Remark. Here our quasimodes construction is performed along the
entire geodesic segment contrary to the standard constructions in a
neighborhood of a point by Dencker-Sjéstrand—Zworski, 2004.



Idea of the proof of analytic microlocal result

Let ap = (x4,&h) € S*ME™ be generated by an admissible pair of
geodesics 1 (agp) and y2(ap) on Mp.

Step 1. Show that there exists a neighborhood V' of ag in S*M{m™
such that every point a = (a,, o) € V is generated by an ad-
missible pair of geodesics 71(«) and y2(«) on M, which depend
real-analytically on a.

Step 2. Let 51 = %—i—i)\ and s, = % where A € R. We construct two
families of Gaussian beam quasimodes vi(x’, ; h) and va(X', a; h),
associated to y1(«) and 2(«), depending real analytically on oo € V
such that

1
v (s s )llizqmy = 1, [I(=h?Dgo—(hs)?)vi (-, i h) [ 2(my = Oe™ ),

as h — 0, for some C > 0, uniformly in o € V.



The fact that (M, g) is transversally anisotropic provides us with the
limiting Carleman weight ¢(x) = xq for the Laplacian, and using the
technique of Carleman estimates, we convert the families of Gaussian
beams v; and v» into two families of harmonic functions on M,

ur(x, a; h) = e (v (X', a; h) + r(x, a; h)),
ua(x, a; h) = €2 (va(X', a; h) + ra(x, a; h)),
where
I5lli2qm) = O(e™ &), € >0,
as h — 0, uniformly in a € V.

Step 3. Testing the orthogonally relation with the constructed fam-
ilies of harmonic functions leads to

/ fe= ™y (X, a; B)va(X, a; h)dVg = O(e™ @),  C >0,
M

uniformly in & € V. Extending f € L°°(M) by zero to (R x Mp)\ M,
we obtain that

/ FO X )i (X, a; h)va (X, a; h)dVg, = O(efé), C >0,
Mo

uniformly in o € V.



Recalling that the geodesics 1 () and ~2(«) intersect at a, only
and that

supp (v(, a; h)) C small neigh(v;(a)), j=1,2,

we get
/ f(Av X/)Vl(Xla o% h)VZ(X/) a; h) V gO(X/)dX/ = 0(67&)7
neigh(a,s,Mo)

uniformly in @ € V. Recalling that the geodesics v1(«), 72(«) do
not have self-intersections at s, we have in a small neighborhood
of Ayt
/ —{r=2) js p1(x ) /
vi(x',a; h) = h™ 2 e Yay(x', a; h),

(n—2) .
va(X o h) = h™ 7 e222(0) g5 (! s ).




Thus, we have

~ 1

/ ST (X )a(x as )dx' = O(e” ), h— 0,
neigh(cv,s,Mo)

uniformly in o € V. Here p(x', a) = p1(X/, a)+p2(X', ) is analytic
in a neighborhood of (x}, o), and

a(x’,a; h) = e_A‘pl(X/’a)al(X,, a; h)ax(x', o h)/go(x')

is an elliptic classical analytic symbol in a neighborhood of (x}, ).
We have

o(x, a)'X/:aX/ =0, ¢u(xX, a)'X/:ax/ = tocrgr,

Imp(x,a) > Golx — ax|’, x,a real,

for some Co > 0.

Using the FBI characterization of the analytic wave front set of Sjss-
trand, 1982, we conclude that ag ¢ WF,(7(),-)) for all A € R.

Note that we need to work with families of Gaussian beams to fill up

an entire neighborhood of «g.
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