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Preface

These lecture notes are based on the first five chapters of the book [4] by Heinz. W.
Engl. We also recommend the book by R. Kress [6].

1. Classification and examples

In general, an equation is called integral equation, when the unknown function appears
under an integral sign.
If, for instance, g : [0, 1]2 × R → R and f : [0, 1] → R are given, then

x(s) −
∫ 1

0
g(s, t, x(t)) dt = f(s) , s ∈ [0, 1] ,

is an integral equation for the unknown function x. This is a general nonlinear integral
equation.
However, we will restrict ourselves to linear integral equations, where the following
classification is usual:
If the unknown function only appears under the integral, we speak of an integral equa-
tion of the first kind, otherwise of an equation of the second or third kind, depending
on whether the unknown function outside the integral is multiplied by a constant or a
function.
If the integration limits are fixed, the equation is called Fredholm equation. If one limit
of integration is a variable, the equation is called a Volterra equation.
For instance, ∫ 1

0
k(s, t)x(t) dt = f(s) , s ∈ [0, 1] , (1.1)

is a (linear) Fredholm integral equation of the first kind,∫ s

0
k(s, t)x(t) dt = f(s) , s ∈ [0, 1] , (1.2)

is a (linear) Volterra integral equation of the first kind,

a(s)x(s) −
∫ 1

0
k(s, t)x(t) dt = f(s) , s ∈ [0, 1] , (1.3)

is a (linear) Fredholm integral equation of the third kind, and

x(s) − λ

∫ s

0
k(s, t)x(t) dt = f(s) , s ∈ [0, 1] ,

is a (linear) Volterra integral equation of the second kind for the unknown function x.
This distinction is not always stringent. If for instance a(s) ̸= 0 in (1.3) for all s ∈ [0, 1],
so by dividing through a equation (1.3) kann be rewritten as an integral equation of
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the second kind. The Volterra equation (1.2), on the other hand, can be reformulated
as a Fredholm equation (1.1): with

k̃(s, t) :=
{
k(s, t) , t ≤ s ,
0 , t > s ,

equation (1.2) is equivalent to∫ 1

0
k̃(s, t)x(t) dt = f(s) , s ∈ [0, 1] .

Since Volterra equations have special properties, this distinction is still meaningful.
Equations of the first kind differ in theory and numerics completely from those of
the second kind. Usually equations of the first kind are improperly posed and lead
to so called ill-posed problems, where we have to expect problems when we want to
solve them, since the solution no longer depends continuously on the data. Since these
problems are treated in a special course, we only concentrate on equations of the second
or third kind.
The function k in the examples above is called kernel of the integral equation. If the
kernel has a singularity, we speak of singular integral equations. Depending on the
quality of the singularity we distinguish between weakly singular and strongly singular
integral equations (see Definition 2.12)

x(s) −
∫ 1

−1

x(t)
s− t

dt = f(s) , s ∈ [−1, 1] ,

is for instance strongly singular and

x(s) −
∫ 1

−1
ln |s− t|x(t) dt = f(s) , s ∈ [−1, 1] ,

weakly singular.
The following examples illustrate, where integral equations usually occur:

Example 1.1. We consider the initial value problem

x′′(t) = g(x(t)) , t ∈ [0, 1] , x(0) = 1 , x′(0) = 0 , (1.4)

with continuous g given. By integration we obtain that

x′(t) =
∫ t

0
g(x(τ)) dτ + c1 and x(s) =

∫ s

0

∫ t

0
g(x(τ)) dτdt+ c1s+ c2 .

The initial conditions yield: c1 = 0, c2 = 1. Thus, due to Fubini’s theorem and noting
that D := {(t, τ) : t ∈ [0, s], τ ∈ [0, t]} = {(t, τ) : τ ∈ [0, s], t ∈ [τ, s]} (see Figure 1.1),
we get

x(s) = 1 +
∫ s

0

∫ t

0
g(x(τ)) dτdt = 1 +

∫
D

g(x(τ)) d(t, τ)

= 1 +
∫ s

0

∫ s

τ

g(x(τ)) dtdτ = 1 +
∫ s

0
(s− τ)g(x(τ)) dτ .
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Figure 1.1: Integration area

Hence, x is the solution of the following (nonlinear) Volterra integral equation of the
second kind:

x(s) = 1 +
∫ s

0
(s− t)g(x(t)) dt , s ∈ [0, 1] . (1.5)

It is rather obvious that initial value problems like the one in (1.4) yield Volterra integral
equations, since the solution in the point s may only depend on values x(t) with t ≤ s.
This is different for boundary value problems, where x(s) can also depend on future
values. This will then lead to Fredholm integral equations as the following example
shows.

Example 1.2. We consider the boundary value problem

x′′(t) = g(x(t)) , t ∈ [0, 1] , x(0) = x(1) = 0 ,

with continuous g given. It follows as in Example 1.1 that

x(s) =
∫ s

0
(s− t)g(x(t)) dt+ c1s+ c2 , s ∈ [0, 1] .

The boundary conditions now yield: c2 = 0 and c1 =
∫ 1

0
(t− 1)g(x(t)) dt. Therefore,

x(s) =
∫ s

0
(s− t)g(x(t)) dt+

∫ 1

0
s(t− 1)g(x(t)) dt

=
∫ s

0
[(s− t) + s(t− 1)]︸ ︷︷ ︸

=t(s−1)

g(x(t)) dt+
∫ 1

s

s(t− 1)g(x(t)) dt .

Thus, x now satisfies the (nonlinear) Fredholm integral equation of the second kind:

x(s) =
∫ 1

0
k(s, t)g(x(t)) dt (1.6)

with kernel
k(s, t) =

{
t(s− 1) , t ≤ s ,
s(t− 1) , t > s

.
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The kernel k in (1.6) is continuous in [0, 1]2, the first partial derivatives of k are contin-
uous away from the diagonal {(t, t) : t ∈ [0, 1]} and have a jump on the diagonal. Such
kernels typically occur when treating boundary value probelms for ordinary differential
equations via integral equations. We will come back to such kernels in Chapter 5.

Example 1.3. Let f : (0,∞) → R be continuous. The Laplace transform of f is defined
as the function

(Lf)(s) :=
∫ ∞

0
e−stf(t) dt

for all values s, where the improper integral exists. We will not discuss existence and
the domain of Lf here.
It is an essential property of the Laplace transform that it turns differentiation to an
algebraic operation:

(Lf ′)(s) =
∫ ∞

0
e−stf ′(t) dt = f(t)e−st

∣∣∣t=∞

t=0
+
∫ ∞

0
se−stf(t) dt = −f(0) + s · (Lf)(s)

Note that, due to the existence of (Lf) it holds that lim
t→∞

f(t)e−st = 0. Thus,

(Lf ′)(s) = s · (Lf)(s) − f(0) . (1.7)

In the same manner, one obtains expressions for the Laplace transform of higher order
derivatives. The property of the Laplace transform to turn differentiation into a multi-
plication with s can be used to transform (systems of) linear differential equations into
algebraic equations. If, for instance, we want to solve the initial value probelm (t ≥ 0)

f ′
1(t) + f2(t) = et ,
f ′

2(t) − f1(t) = −et ,
f1(0) = 1 , f2(0) = 1 ,

for the unknown functions f1, f2, using the Laplace transform, we proceed as follows:
since (L exp)(s) = (s− 1)−1, for s > 1, (1.7) yields

s · (Lf1)(s) − 1 + (Lf2)(s) = 1
s− 1 ,

s · (Lf2)(s) − 1 − (Lf1)(s) = −1
s− 1 .

This linear system for Lf1 and Lf2 has the solution

(Lf1)(s) = 1
s− 1 − 1

s2 + 1 and (Lf2)(s) = s

s2 + 1 .

Using a table for Laplace transforms, one can see that

(L cos)(s) = s

s2 + 1 and (L sin)(s) = 1
s2 + 1 .

Thus,
f1(t) = et − sin t and f2(t) = cos t .

If one would obtain right-hand sides that are not found in tables for Laplace transforms,
one would have to solve the following integral equations of the first kind:∫ ∞

0
e−stfi(t) dt = (Lfi)(s) , i = 1, 2 .
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As mentioned above, this integral equation is improperly posed and one has to be very
careful when solving the equation numerically.

Much more important than the Laplace transform is the Fourier transform. For ap-
propriate functions f : R → R the Fourier transform f̂ is defined by

f̂(s) := 1√
2π

∫ ∞

−∞
e−istf(t) dt . (1.8)

If one wants to find f from a given Fourier transform, (1.8) is again an integral equation
of the first kind. However, it can be solved explicitly via:

f(t) = 1√
2π

∫ ∞

−∞
eistf̂(s) ds . (1.9)

Thus, it turns out that equation (1.8) is well-posed and can be solved via (1.9) in a
stable way.

Example 1.4. Let f : R2 → R be a function with compact support. For s ∈ R+ and
ω = (cos θ, sin θ), θ ∈ [0, 2π) let L(s, ω) := sω + tω⊥ be the line with normal vector ω
and distance s from the origin. The function

(Rf)(s, ω) :=
∫
R
f
(
sω + tω⊥) dt , ω ∈ R2 , ∥ω∥ = 1 , s > 0 , (1.10)

is called Radon transform of f . The values of the Radon transform are all possible line
integrals of f . The inverse problem of determining f from Rf was posed and solved
analytically 1917 by the Austrian mathematician Johann Radon.
This problem is of great importance in applications of computerized tomography: let
D ⊆ R2 be a compact domain with a spatially varying density f . In medical applica-
tions, D symbolizes a cross-section of the human body; in nondestructive testing, D is
a cross-section of the material to be tested. The aim is to recover the density f from
X-ray measurements in the plane where D lies. These X-rays travel along lines, which
are parameterized by L(s, ω) (see Figure 1.2).
Physical considerations lead to the following law: the intensity loss −∆I of an X-ray
beam along a distance ∆t is proportional to the intensity I, the density f , and the path
length ∆t, i.e.,

∆I
(
sω + tω⊥) = −I

(
sω + tω⊥) f (sω + tω⊥)∆t .

By letting ∆t tend to 0, one obtains

d

dt
I
(
sw + tw⊥) = −I

(
sw + tw⊥) f (sw + tw⊥) . (1.11)

We denote by IL(s, w) and I0(s, w) the intensity of the X-ray beam measured at the
detector and at the emitter, respectively, where detector and emitter, connected by the
line L(s, ω), are located outside of D so that we can as well assume that they are located
at infinity. Then, (1.11) has the solution

log I0(s, w) − log IL(s, w) =
∫
R
f(sw + tw⊥) dt = (Rf)(s, ω) .
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Figure 1.2: Computerized Tomography

Thus, the problem of computerized tomography corresponds to the inversion of the
Radon transform.

Example 1.5. The following problem was posed and solved by Niels Henrik Abel about
1823: find the equation of a plane curve for which an object sliding without friction in
uniform gravity to its lowest point from the height s takes the total time of descent
f(s).
Abel’s solution begins with the principle of conservation of energy: since the particle is
frictionless, and thus loses no energy to heat, its kinetic energy at any point is exactly
equal to the difference in potential energy from its starting point. The kinetic energy
is 1

2mv
2, the gravitational potential energy gained in falling from an initial height s to

a height t is mg(s− t). Here m denotes the mass, g the gravitational acceleration and
v = v(t) the velocity. Thus: v(t) =

√
2g(s− t)

Since the particle is constrained to move along a curve, the velocity satisfies the equation
v(t) sinα(t) = − dt

dτ
, where τ is the time and α(t) is the angle between the x-axis and

the tangent to the curve (see Figure 1.3).
Under the reasonable assumption that t is strictly monotone and differentiable with
respect to τ , the inverse τ(t) exists and we obtain

dτ

dt
= − 1√

2g(s− t)
x(t) with x(t) := 1

sinα(t) .

Integrating with respect to t from 0 to s yields:

τ(s) − τ(0) = −
∫ s

0

x(t)√
2g(s− t)

dt
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Figure 1.3: Sketch of the curve

Due to the definition of f and the function τ , we have: τ(s) − τ(0) = 0 − f(s). Thus, x
satisfies the following Volterra integral equation of the first kind:∫ s

0

x(t)√
s− t

dt =
√

2gf(s) . (1.12)

Note that knowing x, one can uniqely determin α and, hence, also the curve, since only
values in [π

2 , π) are reasonable.
This weakly singular integral equation is called Abel’s integral equation. The same
name is used for integral equations, whose kernel involves the expression (s− t)α with
α ∈ (0, 1) in the denominator (see Chapter 4).
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2. Fredholm integral equations of the second kind

In this chapter we deal with equations of the following type:

λx(s) −
∫

G

k(s, t)x(t) dt = f(s) , s ∈ G , (2.1)

with λ ̸= 0, where G ⊆ RN is compact and Jordan measurable with positive measure.
x is an unknown and f a given function. The parameter λ will be of interest only for
eigenvalue problems. Therefore, we sometimes set λ = 1.
The kernel k induces an integral operator K, defined by

(Kx)(s) :=
∫

G

k(s, t)x(t) dt . (2.2)

In the next theorem conditions for the kernel k are given so that the corresponding
operator K maps L2(G) or C(G) to itself, respectively (see also Theorem 2.13 below).

Theorem 2.1. If k ∈ C(G×G), then K(L2(G)) ⊆ C(G), especially K(C(G)) ⊆ C(G).
If k ∈ L2(G×G), then K(L2(G)) ⊆ L2(G). Here, K is the integral operator with kernel
k.

Proof: Let x ∈ L2(G), k ∈ C(G × G), s, σ ∈ G. Then, due to the Cauchy-Schwarz
inequality,

|(Kx)(s) − (Kx)(σ)|2 ≤
[∫

G

|k(s, t) − k(σ, t)| |x(t)| dt
]2

≤
∫

G

|k(s, t) − k(σ, t)|2 dt ∥x∥2
2

≤ sup
t∈G

|k(s, t) − k(σ, t)|2|G| ∥x∥2
2 .

Since G×G is compact, k is uniformly continuous. Hence:

lim
σ→s

sup
t∈G

|k(s, t) − k(σ, t)| = 0

Together with the estimate above this implies the continuity of Kx, i.e., Kx ∈ C(G).
Let us now assume that k ∈ L2(G × G). Then, due to the Cauchy-Schwarz inequality
and Fubini’s theorem,

∥Kx∥2
2 =

∫
G

|(Kx)(s)|2 ds =
∫

G

∣∣∣∣∫
G

k(s, t)x(t) dt
∣∣∣∣2 ds

≤
∫

G

[∫
G

|k(s, t)|2 dt
∫

G

|x(t)|2 dt
]
ds =

∫
G

∫
G

|k(s, t)|2 dtds ∥x∥2
2

=
∫

G×G

|k(s, t)|2 d(s, t) ∥x∥2
2 = ∥k∥2

2 ∥x∥2
2 < ∞
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Thus, Kx ∈ L2(G).

In the proof above and below, ∥·∥2 always denotes the L2-norm on the appropriate
space, e.g., in the special case above the norm on L2(G×G) and on L2(G), respectively.
Obviously, here and below, all integrals are Lebesgue integrals.
Theorem 2.1 tells us that depending on the type of the kernel the corresponding integral
operator can be considered as an operator from L2(G) to C(G) or L2(G) or from C(G) to
C(G) or also L2(G). The operator norm of this bounded operator depends on the image
and preimage spaces. It is, e.g., an immediate consequence of the proof of Theorem 2.1
that for K considered as an operator from L2(G) to L2(G), it holds that

∥K∥2 ≤
∫

G×G

|k(s, t)|2 d(s, t) .

2.1. Degenerate kernels

Very simple kernels are so called degenerate kernels:

Definition 2.2. k : G×G → R is called a degenerate kernel, if finitely many functions
φ1, . . . , φn, ψ1, . . . , ψn ∈ L2(G) exist such that

k(s, t) =
n∑

i=1

φi(s)ψi(t) a.e. (2.3)

As above an equality of functions in L2 is always meant almost everywhere (a.e.), even
though it is not always explicitly mentioned.
Degenerate kernels induce integral operators with finite-dimensional ranges and vice
versa as the following theorem shows:

Theorem 2.3. Let K : L2(G) → L2(G) be an integral operator with L2-kernel k and
range R(K). Then k is degenerate if and only if R(K) is finite-dimensional.

Proof: Let ⟨ ·, · ⟩ denote the usual inner product in L2(G) or L2(G×G), respectively.
First we assume that k is degenerate, i.e.,

k(s, t) =
n∑

i=1

φi(s)ψi(t) with φ1, . . . , φn, ψ1, . . . , ψn ∈ L2(G) .

Then

(Kx)(s) =
∫

G

n∑
i=1

φi(s)ψi(t)x(t) dt =
n∑

i=1

(∫
G

ψi(t)x(t) dt
)
φi(s)
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=⇒ Kx ∈ span{φ1, . . . , φn} for all x ∈ L2(G) .

Therefore, R(K) ⊆ span{φ1, . . . , φn} and, hence, R(K) is finite-dimensional.
Now we assume that n := dim R(K) < ∞ and that {φ1, . . . , φn} is an orthonormal basis
of R(K). This basis can be completed to a complete orthonormal system {φ1, φ2, . . .}
of L2(G). Since, obviously,∫

G×G

φi(s)φj(t)φk(s)φm(t) d(s, t) = δik · δjm

and since, due to Fubini’s theorem, it is easy to show that for any k ∈ L2(G×G) with∫
G×G

k(s, t)φi(s)φj(t) d(s, t) = 0 for all i, j ∈ N

it follows that k = 0, it holds that {αij(s, t) := φi(s)φj(t) : i, j ∈ N} is a complete
orthonormal system of L2(G×G).
Since k ∈ L2(G × G), it can be expanded into a Fourier series as follows: a sequence
(aij)(i,j)∈N×N exists with

k =
∑
i,j∈N

aijαij (convergence in L2(G×G)) and
∑
i,j∈N

a2
ij < ∞ .

For all x ∈ L2(G) and m ∈ N we now obtain with Fubini’s theorem that

⟨Kx,φm ⟩ =
∫

G

∫
G

k(s, t)x(t) dt φm(s) ds =
∫

G×G

k(s, t)x(t)φm(s) d(s, t) = ⟨ k, xm ⟩

with xm(s, t) := x(t)φm(s). Thus, ⟨Kx,φm ⟩ =
∑
i,j∈N

aij ⟨αij, xm ⟩. Since, due to Fubini’s

theorem,

⟨αij, xm ⟩ =
∫

G×G

φi(s)φj(t)x(t)φm(s) d(s, t)

=
∫

G

x(t)φj(t) dt
∫

G

φi(s)φm(s) ds = δim ⟨x, φj ⟩

it follows that ⟨Kx,φm ⟩ =
∑
j∈N

amj ⟨x, φj ⟩.

For m > n we have that φm ∈ R(K)⊥ so that ⟨Kx,φm ⟩ = 0.
Choosing especially x = φr with r ∈ N, we obtain for m > n:

0 = ⟨Kφr, φm ⟩ =
∑
j∈N

amj ⟨φr, φj ⟩︸ ︷︷ ︸
=δrj

= amr .

Therefore, k =
n∑

i=1

∞∑
j=1

aijαij, since the Fourier series can be reordered with respect to

{αij} without influencing the L2-convergence. Setting ψi(t) :=
∞∑

j=1

aijφj(t), which is an
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element of L2(G), since
∞∑

j=1

a2
ij < ∞, we obtain that

k(s, t) =
n∑

i=1

∞∑
j=1

aijαij(s, t) =
n∑

i=1

∞∑
j=1

aijφi(s)φj(t) =
n∑

i=1

φi(s)ψi(t) .

Thus, the kernel k is degenerate.

Remark 2.4. It is an immediate consequence of the proof above that R(K) is spanned
by the functions φ1, . . . , φn and has at most dimension n. A Fredholm integral equation
of the second kind with a degenerate kernel leads to a linear system:
We consider (2.1) with a kernel of type (2.3), where we assume w.l.og. that the functions
φ1, . . . , φn are linearly independent. We assume that all functions are real valued. The
complex valued case can be treated analogously (see the remark after Theorem 2.6).
Plugging in (2.3) into (2.1), we obtain

λx(s) −
n∑

i=1

φi(s)
∫

G

ψi(t)x(t) dt = f(s) , s ∈ G . (2.4)

Building the L2-inner products with ψj, 1 ≤ j ≤ n, yields

λ

∫
G

x(s)ψj(s) ds−
n∑

i=1

∫
G

φi(s)ψj(s) ds
∫

G

ψi(t)x(t) dt =
∫

G

f(s)ψj(s) ds

or eqivalently the linear system
λx̄− Ax̄ = f̄ (2.5)

with

x̄j :=
∫

G

x(s)ψj(s) ds , 1 ≤ j ≤ n , x̄ := (x̄1, . . . , x̄n)⊤ ,

f̄j :=
∫

G

f(s)ψj(s) ds , 1 ≤ j ≤ n , f̄ := (f̄1, . . . , f̄n)⊤ , (2.6)

aij :=
∫

G

φi(s)ψj(s) ds , 1 ≤ i, j ≤ n , A := (aji)1≤i,j≤n .

If λ is no eigenvalue of A, system (2.5) has a unique solution. It then follows from (2.4)
that

x = 1
λ
f + 1

λ

n∑
i=1

x̄iφi . (2.7)

I.e., this is the explicit formula of the (unique) solution of (2.4). It is an element of
L2(G) or of C(G) if f and φ1, . . . , φn are continuous. Note that one needs the solution
of the linear system (2.5).

Solving a Fredholm integral equation of the second kind with a degenerate kernel is,
therefore, not an infinite-dimensional problem but a finite-dimensional one. Using well-
known results from Linear Algebra one can derive results about existence and unique-
ness of solutions of (2.4). We will formulate these results in such a way that we can
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later see that they are a special case of the so called Fredholm alternative for integral
equations of the second kind with a general kernel. We first formulate the Fredholm
alternative for real linear systems:

Theorem 2.5. Let B be an n × n-matrix with rank m ≤ n. Then the homogeneous
systems

Bx = 0 and B⊤y = 0 (2.8)

have the same number of n − m linearly independent solutions. The inhomogeneous
equation

Bx = f (2.9)

is solavable if and only if
⟨ f, y ⟩ = 0 (2.10)

for all y with B⊤y = 0. Here, ⟨ ·, · ⟩ denotes the general inner product in Rn.

Proof: Since the column rank and row rank of a matrix are equal, also the rank of
B⊤ is equal to m. The number of linearly independent solutions of the homogeneous
systems in (2.8), thus satisfies:

dim N (B) = n− dim R(B) = n−m = n− dim R(B⊤) = dim N (B⊤)

This proves the first assertion.
Let us now assume that (2.9) is solvable, i.e., Bx = f for some x ∈ Rn. Then it holds
for every y with B⊤y = 0 that

⟨ f, y ⟩ = ⟨Bx, y ⟩ =
〈
x,B⊤y

〉
= 0 ,

i.e., (2.10) holds. We have also shown that R(B) ⊆ N (B⊤)⊥.
Now we assume that (2.10) holds for all y with B⊤y = 0, i.e., for all y ∈ N (B⊤). This
means that

f ∈ N (B⊤)⊥ . (2.11)

Since dim R(B) = m and dim N (B⊤)⊥ = n − dim N (B⊤) = n − (n − m) = m, we
obtain together with R(B) ⊆ N (B⊤)⊥ (see above) that

R(B) = N (B⊤)⊥ .

Due to (2.11), this means that f ∈ R(B) and, hence, (2.9) is solvable.

Note that this proof includes some steps that are only possible in finite-dimensional
spaces.
The equation on the right-hand side of (2.8) is called adjoint homogeneous equation.
As an immediate consequence of Theorem 2.5 we obtain the Fredholm alternative for
Fredholm integral equations of the second kind with a degenerate kernel:

13



Theorem 2.6. Let k be a degenerate L2-kernel, λ ̸= 0, and f ∈ L2(G). Then the
equations

λx(s) −
∫

G

k(s, t)x(t) dt = 0 , s ∈ G , (2.12)

and
λy(s) −

∫
G

k(t, s)y(t) dt = 0 , s ∈ G , (2.13)

have the same number of linearly independent solutions.
The inhomogeneous equation (2.1) has a solution x ∈ L2(G) if and only if all solutions
y ∈ L2(G) of (2.13) satisfy ∫

G

f(s)y(s) ds = 0 .

Proof: For the special system (2.5) the adjoint homogeneous equation is given by

λȳ − A⊤ȳ = 0 . (2.14)

As for the derivation of (2.7), one can show that for every solution ȳ of (2.14) the
function

y := 1
λ

n∑
j=1

ȳjψj

solves equation (2.13). And conversely for every solution y of (2.13) the vector(∫
G

φi(t)y(t) dt
)

1≤i≤n

solves (2.14). In this sense (2.14) and (2.13) are equivalent. Now Theorem 2.5 implies
that the homogeneous equation (2.12) and (2.13) have the same number of linearly
independent solutions. This number equals dim N (λI −A), i.e., the geometric multiple
of the eigenvalue λ of A.
The inhomogeneous equation (2.1) is solvable if and only if (2.5) is solvable. Due to
Theorem 2.5, this is satisfied if and only if

n∑
i=1

f̄iȳi = 0

for all solutions ȳ of (2.14). Noting that∫
G

f(s)
(

1
λ

n∑
i=1

ȳiψi(s)
)
ds = 1

λ

n∑
i=1

ȳi

∫
G

f(s)ψi(s) ds = 1
λ

n∑
i=1

ȳif̄i

it follows with the equivalence of (2.14) and (2.13) that (2.1) is solvable if and only if∫
G

f(s)y(s) ds = 0 .
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This proves the assertions.

It is an immediate consequence of Theorem 2.6 that (2.1) is solvable for all right-hand
sides f ∈ L2(G) if (2.12) (or (2.13), respectively) only have the trivial solution x = 0
(or y = 0, respectively) or equivalently that λ is no eigenvalue of the integral operator
induced by the kernel k.
The integral operator with kernel k(t, s) instead of k(s, t) is called adjoint integral
operator. In case of an L2-kernel its so-called adjoint kernel is only almost everywhere
uniquely determined. For equations with complex valued kernels and functions one can
either prove Theorem 2.6 in the same way or one can define the adjoint kernel by k(t, s).
In the latter case one has to replace λ by λ̄ in the adjoint equation (2.13).
Using functional analytic methods, one can show that the Fredholm alternative also
holds for general L2-kernels. Thereto, it is necessary to interpret all integral operators
as operators between Banach or Hilbert spaces.
A property that is very essential for the theory of linear integral equations is the com-
pactness of the corresponding integral operators.

2.2. Compact operators

Definition 2.7. Let X, Y be normed spaces and K : X → Y linear. K is called
compact if for any bounded set B ⊆ X it holds that K(B) is compact.

In the next theorem we collect some basic properties of compact linear operators:

Theorem 2.8. Let X, Y, Z be normed spaces and K : X → Y linear. Then the following
assertions hold:

(a) K is compact if and only if (Kxn) has a convergent subsequence for any bounded
sequence (xn).

(b) If K is compact, then K is bounded, i.e., K ∈ L(X, Y ).

(c) Linear combinations of compact linear operators are compact.

(d) Let K1 ∈ L(X, Y ) and K2 ∈ L(Y, Z). Then K1K2 is compact if either K1 or K2
is compact.

(e) Let Y be a Banach space and let Kn : X → Y be linear and compact for all n ∈ N.
Moreover, lim

n→∞
∥K −Kn∥ = 0. Then K is compact.

(f) If K is bounded and dim R(K) < ∞, then K is compact.
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Proof:

(a) Let K be compact and let (xn) be a bounded sequence in X. Then (Kxn) is a
sequence in a compact set. By definition of compact sets, it then has a convergent
subsequence.
Now assume that K is not compact. Then there exists a bounded set B ⊆ X
such that K(B) is not compact, i.e., a sequence (ȳn) exists in K(B) that has no
convergent subsequence. Note that yn ∈ K(B) exists with ∥yn − ȳn∥ ≤ 1

n
for all

n ∈ N. The sequence (yn) also has no convergent subsequence, because otherwise
there would exist y and (ynk

) with ynk
→ y. But then

∥ȳnk
− y∥ ≤ ∥ynk

− y∥ + 1
nk

−→
k→∞

0 ,

which is a contradiction to the choice of (ȳn). Obviously for all n ∈ N an xn ∈ B
exists with Kxn = yn. Thus, we found a bounded sequence (xn), where (Kxn) has
no convergent subsequence.

(b) Assume that K is not bounded. Then a sequence (xn) exists with ∥xn∥ = 1 and
∥Kxn∥ → ∞ as n → ∞. But then (Kxn) cannot have a convergent subsequence.
This is a contradiction to (a). Thus, K is bounded and, hence, as a linear operator
also continuous.

(c) Let K1 and K2 be compact operators and let λ1, λ2 ∈ R. Moreover, let (xn) be
a bounded sequence. Since K1 is compact, there exists a y1 and (nk) such that
K1xnk

→ y1 as k → ∞. Since xnk
is also bounded, it follows with the compactness

of K2 that y2 and (nkl
) exist with K2xnkl

→ y2 as l → ∞. Since also K1xnkl
→ y1

as l → ∞, we finally get that

λ1K1xnkl
+ λ2K2xnkl

−→
l→∞

λ1y1 + λ2y2 .

Due to (a), this shows that λ1K1 + λ2K2 is compact.

(d) Assume that K1 is compact and that K2 is bounded. For a bounded sequence
(xn) also (K2xn) is bounded. Therefore, due to (a), (K1K2xn) has a convergent
subsequence. Thus, K1K2 is compact.
Now let K1 be bounded and K2 be compact. For a bounded sequence (xn), due to
(a), there exists a convergent subsequence (K2xnk

). But, due to the continuity of
K1, then also (K1K2xnk

) will converge. Thus, again K1K2 is compact.

(e) Let (xn) be bounded in X with ∥xn∥ ≤ C for all n ∈ N. Since K1 is compact,
the sequence (K1xn)n∈N has a convergent subsequence (K1xn1(k))k∈N. Since K2 is
compact, the sequence (K2xn1(k))k∈N has a convergent subsequence (K2xn2(k))k∈N.
By induction we may construct subsequences (xni(k))k∈N of (xni−1(k))k∈N such that
(Kixni(k))k∈N converges for all i ∈ N. Note that then also (Kixnj(k))k∈N converges
for all i, j ∈ N with j ≥ i.
Setting x̄i := xni(i) for all i ∈ N, we have that (x̄i)i∈N is a subsequence of (xn)n∈N
and also that (x̄i)i≥j is a subsequence of (xnj(k))k∈N. We show that

(Kx̄i) is convergent. (2.15)
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Let ε > 0 be arbitray, but fixed, and let n ∈ N be such that

∥Kn −K∥ < ε

3C .

This is possible, since limn→∞ ∥K −Kn∥ = 0.
It follows from the definition of x̄i that (Knx̄i)i∈N converges. Let i0 ∈ N be such
that ∥Knx̄i −Knx̄j∥ < ε

3 for all i, j ≥ i0. Then

∥Kx̄i −Kx̄j∥ ≤ ∥Kx̄i −Knx̄i∥ + ∥Knx̄i −Knx̄j∥ + ∥Knx̄j −Kx̄j∥

≤ ∥K −Kn∥ (∥x̄i∥ + ∥x̄j∥) + ε

3 <
ε

3C 2C + ε

3 = ε

for all i, j ≥ i0. Thus, (Kx̄i) is a Cauchy sequence. Since Y is a Banach space and,
hence, complete, this implies (2.15). Since (xn) was an arbitrary bounded sequence,
the compactness of K follows with (a).

(f) This assertion is an immediate consequence of the Heine-Borel theorem which tells
us that the closure of a bounded subset of the finite-dimensional space R(K) is
compact.

According to Theorem 2.8 (e) and (f), the norm limit of finite-dimensional bounded
linear operators is compact. This fact is used in several compactness proofs for inte-
gral operators. Under certain conditions one can prove a converse result, namely that
compact operators are limits of finite-dimensional operators:

Lemma 2.9. Let X and Y be Banach spaces and let Tn, T : X → Y , n ∈ N, be bounded
linear operators satisfying that Tn → T pointwise, i.e., Tnx → Tx for all x ∈ X. Then

lim
n∈N

sup
x∈A

∥(Tn − T )y∥ = 0

for every compact set A ⊂ X.
Especially, if Pn ∈ L(Y ), n ∈ N, is such that dim R(Pn) < ∞ and that Pn → I
pointwise, then ∥PnK −K∥ → 0 for any compact linear operator K : Z → Y , where
Z is a normed space.

Proof: Due to the Banach-Steinhaus theorem supm∈N ∥Tm − T∥ < ∞. Let A be a
compact subset of X and let ε > 0 be arbitrary, but fixed. Then there exist k ∈ N and
x1, . . . , xk ∈ A so that inf{∥x− xi∥ : i ∈ {1, . . . , k}} < ε for all x ∈ A. Therefore,

sup
x∈A

∥(Tn − T )x∥ ≤ sup{∥(Tn − T )xi∥ : i ∈ {1, . . . , k}}

+ ∥(Tn − T )∥ inf{∥x− xi∥ : i ∈ {1, . . . , k}}
≤ sup{∥Tnxi − Txi∥ : i ∈ {1, . . . , k}} + ε sup

m∈N
∥Tm − T∥

for all n ∈ N. Since the first term in the estimate above converges to 0 as n → ∞, it
holds that

lim sup
n→∞

sup
x∈A

∥(Tn − T )x∥ ≤ ε sup
m∈N

∥Tm − T∥ .
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Since this holds for all ε > 0, it follows that lim
n→∞

sup
x∈A

∥(Tn − T )x∥ = 0.

Let now Pn ∈ L(Y ) with Pn → I pointwise and let K be compact. Then K(U) is
compact, where U denotes the unit sphere of Z. Using the result from above with
X := Y , Tn := Pn, T := I, and A := K(U), we obtain that

0 ≤ lim sup
n→∞

∥PnK −K∥ = lim sup
n→∞

sup
z∈U

∥PnKz −Kz∥

≤ lim sup
n→∞

sup
y∈K(U)

∥(Pn − I)y∥ = 0

and, hence, lim
n→∞

∥PnK −K∥ = 0.

Obviously, the requirement that dim R(Pn) < ∞ is not needed.
A practical example of a sequence of operators (Pn) as in Lemma 2.9 is the sequence
of orthogonal projectors of a separable Hilbert space Y onto a sequence of finite-
dimensional subspaces (Yn) with the property

⋃
n∈N Yn = Y . Thus, a compact linear

operator with values in a separable Hilbert space is the norm limit of finite-dimensional
bounded linear operators.
We will prove in Lemma 2.15 that the identity operator I : X → X is compact if
and only if X is finite-dimensional. Since I is always bounded, the converse result of
Theorem 2.8 (b) is not true in infinite-dimensional spaces, i.e., there exist non-compact
bounded linear operators.
Next we deal with the question, under what conditions an integral operator is compact.
As a first result we show that an integral operator with a continuous kernel is compact
on L2(G) and C(G), respectively:

Theorem 2.10. Let k ∈ C(G × G) and let K be the corresponding integral operator
according to (2.2). Then K is compact as an operator from each of the spaces L2(G)
and C(G) to each of these spaces.

Proof: Actually, this theorem consists of four results depending on the chosen image
and preimage. Since ∥x∥2 ≤

√
|G| ∥x∥∞ for all x ∈ C(G), the embedding operator

E : C(G) → L2(G) is bounded. Since the operators

K : C(G) → C(G) , K : C(G) → L2(G) , and K : L2(G) → L2(G)

each can be written as composition of the operator K : L2(G) → C(G) with the
embedding operator E, it follows from Theorem 2.8 (d) that we only have to prove the
compactness of K : L2(G) → C(G). The well-definedness of this operator is already
guaranteed by Theorem 2.1.
We will do this by approximating K in operator norm sense by a sequence of finite-
dimensional operators and will then apply Theorem 2.8 (e).
Let ∆1,n, . . . ,∆n,n ⊆ RN , n ∈ N, be pairwise disjoint open Jordan measurable sets (e.g.,
Cartesian products of open intervals) with

⋃n
i=1 (∆i,n ∩G) = G. Since G is bounded, a
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partition {∆i,n} can be chosen such that
lim

n→∞
max
1≤i≤n

sup
t,τ∈∆i,n

∥t− τ∥ = 0 . (2.16)

Now we choose a system of intermediate points ti,n ∈ ∆i,n ∩G and define
kn : G×G → R

(s, t) 7→
{
k(s, ti,n) , t ∈ ∆i,n ∩G ,
0 , t ∈ G \

⋃n
i=1 ∆i,n .

with corresponding integral operator Kn according to (2.2). The integral exists in the
Lebesgue sense, since G \

⋃n
i=1 ∆i,n can only contain boundary points of the sets ∆i,n

and boundaries are Jordan measurable null sets. Thus, |G \
⋃n

i=1 ∆i,n| = 0 and

(Knx)(s) =
n∑

i=1

k(s, ti,n)
∫

∆i,n∩G

x(t) dt

for all x ∈ L2(G), s ∈ G, and n ∈ N.
This implies that Kn is a linear operator from L2(G) to C(G) with finite-dimensional
range R(Kn) ⊆ span{k(., ti,n) : 1 ≤ i ≤ n} ⊆ C(G). Since, due to the Cauchy-Schwarz
inequality,

∥Knx∥∞ ≤
n∑

i=1

∥k(., ti,n)∥∞

∫
∆i,n∩G

|x(t)| dt ≤ ∥k∥∞

∫
G

|x(t)| dt ≤ ∥k∥∞ ∥x∥2

√
|G| ,

Kn : L2(G) → C(G) is bounded. Together with Theorem 2.8 (f) we get the compactness
of Kn : L2(G) → C(G).
Let now ε > 0 be arbitrary, but fixed. Since k is uniformly continuous on the compact
set G×G, a δ > 0 exists such that

∥t− τ∥ < δ =⇒ |k(s, t) − k(s, τ)| < ε√
|G|

for all s ∈ G .

Together with (2.16) this implies that n0 ∈ N exists such that

|k(s, t) − k(s, ti,n)| < ε√
|G|

for all s ∈ G , n ≥ n0 , i ∈ {1, . . . , n} , t ∈ ∆i,n .

This, together with the Cauchy-Schwarz inequality, yields that

|(Kx)(s) − (Knx)(s)| =

∣∣∣∣∣
n∑

i=1

∫
∆i,n∩G

k(s, t)x(t) dt−
n∑

i=1

k(s, ti,n)
∫

∆i,n∩G

x(t) dt

∣∣∣∣∣
≤

n∑
i=1

∣∣∣∣∣
∫

∆i,n∩G

(k(s, t) − k(s, ti,n))x(t) dt

∣∣∣∣∣
≤

n∑
i=1

√∫
∆i,n∩G

|k(s, t) − k(s, ti,n)|2 dt
√∫

∆i,n∩G

|x(t)|2 dt

≤

√√√√ n∑
i=1

∫
∆i,n∩G

|k(s, t) − k(s, ti,n)|2 dt
n∑

i=1

∫
∆i,n∩G

|x(t)|2 dt

≤

√√√√ n∑
i=1

ε2

|G|
|∆i,n ∩G| ∥x∥2

2 = ε ∥x∥2
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for all n ≥ n0, x ∈ L2(G), and s ∈ G. This implies that

∥K −Kn∥ = sup
∥x∥2≤1

sup
s∈G

|(Kx)(s) − (Knx)(s)| ≤ ε ,

where ∥K −Kn∥ denotes the operator norm for linear operators from L2(G) to C(G).
Since ε > 0 was arbitrary, this implies that limn→∞ ∥K −Kn∥ = 0, which together with
Theorem 2.8 (e) yields the compactness of K : L2(G) → C(G).

Approximating integral operators with L2-kernels by operators with continuous kernels,
one can show that such operators are compact from L2(G) to L2(G):

Theorem 2.11. Let k ∈ L2(G × G) and let K be the corresponding integral operator
according to (2.2). Then K is compact from L2(G) to L2(G).

Proof: Since C(G×G) is dense in L2(G×G), a sequence kn in C(G×G) exists with
limn→∞ ∥kn − k∥2 → 0. Due to Theorem 2.10, the integral operators Kn induced by the
kernels kn are compact from L2(G) to L2(G). One can see as in the proof of Theorem 2.1
that ∥Kn −K∥L(L2(G)) ≤ ∥kn − k∥2. Therefore, limn→∞ ∥Kn −K∥L(L2(G)) = 0. Thus,
Theorem 2.8 (e) implies the compactness of K : L2(G) → L2(G).

When dealing with boundary value problems for elliptic differential equations, integral
operators with kernels having singularities play an important role. It turns out that
the quality of the singularity decides about the compactness of the corresponding in-
tegral operator. We distinguish between weakly singular and strongly singular integral
operators. The distinction depends on the dimension N and is done such that weakly
singular in contrast to strongly singular operators are still compact.
We only consider the very important case where the singularities lie on the diagonal
{(s, s) : s ∈ G}:

Definition 2.12. LetG ⊆ RN be compact and Jordan measurable with positive measure.
The kernel k : (G×G)\{(s, s) : s ∈ G} → R is called weakly singular if it is continuous
and if M > 0 and α > 0 exist such that

|k(s, t)| ≤ M |s− t|α−N , s ̸= t ∈ G . (2.17)

Here | · | denotes the Euclidean norm in RN .

Theorem 2.13. Let k be a weakly singular kernel and let K be the corresponding
integral operator according to (2.2). Then K is well-defined in C(G) (considering the
integral as an improper one) and compact from C(G) to C(G).
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Proof: Let x ∈ C(G) and s ∈ G. Then it follows with (2.17) that∫
G

|k(s, t)x(t)| dt ≤ M ∥x∥∞

∫
G

|s− t|α−N dt

≤ M ∥x∥∞

∫
{τ :|τ |≤diam(G)}

|τ |α−Ndτ

= CM ∥x∥∞

∫ diam(G)

0
rα−NrN−1 dr = CM ∥x∥∞

diam(G)α

α
.

In the last integral we switched to N -dimensional spherical coordinates, i.e.,

g : R+
0 × [0, π]N−2 × [0, 2π] → RN

g1(r, φ1, . . . , φN−1) := r cos(φ1) ,

gi(r, φ1, . . . , φN−1) := r

(
i−1∏
j=1

sin(φj)
)

cos(φi) , i = 2, . . . , N − 1 ,

gN(r, φ1, . . . , φN−1) := r
N−1∏
j=1

sin(φj)

The determinant of the transformation matrix is given by

|g′(r, φ1, . . . , φN−1)| = rN−1
N−2∏
i=1

sinN−1−i(φi) .

The integration with respect to φi, i = 1, . . . , N − 1 yields the constant

C := 2πN
2

Γ
(

N
2

) .
Thus, the improper integral

∫
G
k(s, t)x(t) dt is absolutely convergent for all s ∈ G and,

hence, the integral operator K is well-defined in L∞(G).
We will now approximate K by a sequence of integral operators (Kn) with continuous
kernels: for n ∈ N let

kn(s, t) :=
{
ρn(|s− t|)k(s, t) , s ̸= t ,
0 , s = t ,

with ρn(r) :=


0 , r ∈

[
0, 1

2n

]
,

2nr − 1 r ∈
[ 1

2n
, 1

n

]
,

1 , r ≥ 1
n
,

and let Kn be the integral operator according to (2.2) with the continuous kernel kn.
Due to Theorem 2.10, Kn is a compact linear operator from C(G) to C(G) for all n ∈ N.
For all x ∈ C(G), n ∈ N, and s ∈ G we have the estimate:

|(Kx)(s) − (Knx)(s)| ≤ ∥x∥∞

∫
G

|k(s, t) − ρn(|s− t|)k(s, t)| dt

= ∥x∥∞

∫
{t∈G:|t−s|≤ 1

n
}

|k(s, t)|(1 − ρn(|s− t|)) dt

≤ ∥x∥∞

∫
{t∈G:|t−s|≤ 1

n
}

|k(s, t)| dt
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≤ ∥x∥∞ M

∫
{τ :|τ |≤ 1

n
}

|τ |α−Ndτ

= CM ∥x∥∞

∫ 1
n

0
rα−NrN−1 dr = CM ∥x∥∞

1
αnα

,

where we again switched to N -dimensional spherical coordinates in the last integral.
This implies that (Knx) converges uniformly (in s) towards Kx. Thus, Kx ∈ C(G),
since for any s, s̄ ∈ G

|Kx(s) −Kx(s̄)| ≤ 2CM ∥x∥∞
1
αnα

+ |Knx(s) −Knx(s̄)| .

The convergence of (Knx) is also uniform with respect to x in bounded subsets of C(G)
so that ∥K −Kn∥ → 0. This, due to Theorem 2.8 (e), yields the compactness of K.

The integral operator in Abel’s integral equation (1.12) can be written in the form (2.2)
with kernel

k(s, t) =
{

(s− t)− 1
2 , t ∈ [0, s) ,

0 , t ≥ s .

Since N = 1 this kernel satisfies (2.17) with α = 1
2 and M = 1. Due to Definition 2.12,

the kernel is weakly singular. Other typical examples of weakly singular integral oper-
ators are

(Kx)(s) :=
∫ 1

0
ln |s− t|x(t) dt or (Kx)(s) :=

∫
G

x(t)
|s− t|N−1 dt , G ⊆ RN .

We will now derive properties of compact operators that are important for the solution
of Fredholm integral equations of the second kind. We start with results that do not
need the adjoint equation (compare Theorem 2.6).

2.3. Riesz theory

For the time being, we assume that K : X → X is compact, X is a normed space, and

L := I −K . (2.18)

The Riesz theory includes statements about such operators L, i.e., compact perturba-
tions of the identity. For the proof of the three Riesz theorems we need some preparatory
lemmata.

Lemma 2.14 (Riesz). Let X be a normed space, Y ⊂ X a closed subspace, and
ε ∈ (0, 1). Then there exists an x ∈ X with ∥x∥ = 1 so that ∥y − x∥ ≥ ε for all y ∈ Y .
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Proof: Let z ∈ X \ Y . Since Y is closed, α := inf{∥z − y∥ : y ∈ Y } > 0. Since α
ε
> α,

we may choose a w ∈ Y with α ≤ ∥z − w∥ ≤ α
ε
. Let x := z−w

∥z−w∥ . Then ∥x∥ = 1 and

∥y − x∥ = 1
∥z − w∥

∥z − w − ∥z − w∥ y∥

= 1
∥z − w∥

∥z − (w + ∥z − w∥ y)∥

≥ α

∥z − w∥
≥ α

(α
ε
) = ε

for all y ∈ Y . Note that w + ∥z − w∥ y ∈ Y .

This lemma immediately implies the following interesting result:

Lemma 2.15. The identity operator I : X → X is compact if and only if X is a
finite-dimensional normed space.

Proof: If dimX < ∞, then the compactness of I follows from Theorem 2.8 (f).
To prove the converse we assume that dimX = ∞. We inductively define a sequence
(xn) in X and a sequence (Yn) of closed subspaces as follows: choose x1 ∈ X with
∥x1∥ = 1 and Y1 := span{x1}.
Let us assume that Yn := span{x1, . . . , xn} is already defined. Since Yn is a proper closed
subspace of X, Lemma 2.14 (with ε = 1

2) implies that there exists an xn+1 ∈ X with
∥xn+1∥ = 1 and ∥xn+1 − xm∥ ≥ 1

2 for all m ≤ n. We then define the finite-dimensional
subspace Yn+1 := span{x1, . . . , xn, xn+1}.
The sequence (xn) lies in the bounded unit ball {x ∈ X : ∥x∥ ≤ 1} and has, due to its
construction, no convergent subsequence. Therefore, the unit ball is not compact and,
hence, I is not compact.

Theorem 2.16. Let X be a normed space and let K : X → X be compact and L as
in (2.18). Then the following assertions hold:

(a) (1. Riesz theorem) dim N (L) < ∞.

(b) (2. Riesz theorem) R(L) is closed.

Proof:

(a) Since L is continuous, N (L) = L−1({0}) is closed. Let K̃ := K|N (L). It follows from
the definition of compact operators that the restriction of a compact operator to a
subspace is also compact. Thus, K̃ is compact. If x ∈ N (L), then K̃x = x−Lx = x.
Therefore, K̃ is the identity operator on N (L). Now Lemma 2.15 implies that
dim N (L) < ∞.
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(b) Let y ∈ R(L) be arbitrary but fixed. Then there exists a sequence (x̄n) in X with
Lx̄n → y. (2.19)

For all n ∈ N let zn ∈ N (L) be such that

∥x̄n − zn∥ ≤ d(x̄n,N (L)) + 1
n
, (2.20)

where d(x̄n,N (L)) denotes the minimal distance of x̄n to N (L), and let
xn := x̄n − zn . (2.21)

We show that
(xn) is bounded (2.22)

by assuming the contrary. Then a subsequence (xnk
)k∈N exists with

∥xnk
∥ ≥ k , k ∈ N . (2.23)

Setting vk := xnk

∥xnk∥ , we have that (vk) is bounded. Since K is compact, (Kvk) has
a convergent subsequence

Kvkj
→ z ∈ X. (2.24)

Since, due to (2.19), (Lx̄n) is bounded and since Lxn = Lx̄n, (2.23) implies that

∥Lvk∥ = 1
∥xnk

∥
∥Lx̄nk

∥ → 0 as k → ∞

Together with (2.24) this implies that
vkj

= Lvkj
+Kvkj

→ z . (2.25)
Since L is continuous, this yields that

Lz = lim
j→∞

Lvkj
= 0

and, hence, that z ∈ N (L). But then also
znk

+ ∥xnk
∥ z ∈ N (L) , k ∈ N .

This together with (2.20) and (2.21) yields that

∥vk − z∥ = 1
∥xnk

∥
∥xnk

− ∥xnk
∥ z∥

= 1
∥xnk

∥
∥x̄nk

− (znk
+ ∥xnk

∥ z)∥ ≥ 1
∥xnk

∥
d(x̄nk

,N (L))

≥ 1
∥xnk

∥

(
∥x̄nk

− znk
∥ − 1

nk

)
= 1 − 1

nk ∥xnk
∥

−→
k→∞

1 ,

which is a contradiction to (2.25). Therefore, a subsequence with (2.23) cannot
exist, i.e., (2.22) holds.
Since K is compact, the sequence (Kxn) has a convergent subsequence (Kxnk

).
Due to xnk

= Lxnk
+ Kxnk

= Lx̄nk
+ Kxnk

, it follows together with (2.19) that
(xnk

) converges to some x ∈ X. Since L is continuous, we now obtain that
Lx = lim

k→∞
Lxnk

= lim
k→∞

Lx̄nk
= y .

Thus, y ∈ R(L). Since y ∈ R(L) was arbitrary, this implies that R(L) is closed.
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Theorem 2.16 implies that the solution set of Fredholm integral equations of the second
kind is finite-dimensional. Moreover, if one approximates the right-hand side y by a
convergent sequence (yn) so that the equations with yn are solvable for all n ∈ N, then
the original problem is also solvable.
For integral equations of the first kind these properties do not hold as the following
theorem suggests:

Theorem 2.17. Let X, Y be Banach spaces and let K : X → Y be compact and such
that a closed subspace Z ⊆ X exists with X = N (K) ⊕Z. Then R(K) is closed if and
only if R(K) is finite-dimensional. In that case also Z is finite-dimensional.

Proof: If R(K) is finite-dimensional, then R(K) is closed.
Let us now assume that R(K) is closed and let K̃ := K|Z : Z → R(K). Then R(K) is
a Banach space and K̃ is a bijective linear operator. Due to the open mapping theorem
K̃−1 is bounded. Therefore, Theorem 2.8 (d) implies that K̃K̃−1 = IR(K) is compact.
Now Lemma 2.15 implies that R(K) is finite-dimensional. Since K̃−1K̃ = IZ , this also
holds for Z.

Remark 2.18. The condition on the existence of Z, i.e., the existence of a topological
complement of N (K), is always satisfied if X is a Hilbert space or if N (K) is finite-
dimensional. Therefore, Theorem 2.17 is applicable to integral equations of the first
kind in L2 and yields the following result:
If the kernel is non-degenerate so that R(K) is infinite-dimensional (see Theorem 2.3),
then it is not closed. Therefore, the equation is not solvable for all right-hand sides.
Even if one has a convergent sequence of right-hand sides where the equation is always
solvable, the limit problem need not be solvable.
If N (K) = {0} so that K−1 exists on R(K), the operator K−1 is unbounded. Therefore,
the solutions of the integral equation do not depend continuously on the right-hand
sides, which obviously leads to problems if one wants to solve such equations numerically.

For the solution theory, it would be advantageous if it were possible to write X as a
direct sum of N (L) and R(L). But this need not be possible even in finite-dimensional
spaces: if, for instance,

L :=
(

0 0
1 0

)
,

then N (L) = {0}×R and R(L) = {0}×R = N (L). Thus N (L)⊕R(L) ̸= R2. However,

L2 :=
(

0 0
0 0

)
so that N (L2) = R2, R(L2) = {0}, and N (L2) ⊕ R(L2) = R2.
We will see that a similar decomposition is always possible for operators L = I−K with
compact K. We will show that ν ∈ N0 exists with X = N (Lν) ⊕ R(Lν). This fact is
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part of the so-called Ries-Schauder theory which is essential for existence, uniqueness,
and stability results for integral equations of the second kind.

Theorem 2.19 (3. Riesz theorem). Let X be a normed space and let K : X → X
be compact and L as in (2.18). Then there exists a number ν ∈ N0, called Riesz index
of L (or K), so that for all µ ∈ N0

N (Lµ) ⊊ N (Lµ+1) if µ < ν , and N (Lµ) = N (Lµ+1) if µ ≥ ν , (2.26)

R(Lµ) ⊋ R(Lµ+1) if µ < ν , and R(Lµ) = R(Lµ+1) if µ ≥ ν . (2.27)

Note that ν = 0 is possible.
Moreover, it holds that dim N (Lν) < ∞ and that

X = N (Lν) ⊕ R(Lν) . (2.28)

The projectors onto N (Lν) and R(Lν), induced by the decomposition (2.28), are con-
tinuous. L maps the closed subspace R(Lν) bijectively onto itself and has a continuous
inverse as restriction to R(Lν).

Proof: Since the proof is rather long, we split it into several steps.

(i) First, we show the existence of ν1 ∈ N0 so that (2.26) holds with ν = ν1.
Obviously, N (Lk) ⊆ N (Lk+1) for all k ∈ N. If N (Lk) = N (Lk+1), then also
N (Lp+1) = N (Lp) for all p > k. This can be seen as follows:

x ∈ N (Lp+1) =⇒ 0 = Lp+1x = Lk+1(Lp−kx) =⇒ Lp−kx ∈ N (Lk+1) = N (Lk)
=⇒ 0 = Lk(Lp−kx) = Lpx =⇒ x ∈ N (Lp)

Thus, N (Lp+1) ⊆ N (Lp). Since the other inclusion is always correct, we have shown
that N (Lp) = N (Lp+1).
Therefore, we only have to show that a ν1 ∈ N0 exists with N (Lν1) = N (Lν1+1).
Thereto, we assume the contrary, i.e., N (Lk) ⊊ N (Lk+1) for all k ∈ N0. But then
Lemma 2.14 implies that for all k ∈ N0 an xk ∈ N (Lk+1) exists with ∥xk∥ = 1 and
∥xk − x∥ ≥ 1

2 for all x ∈ N (Lk). Note that Lemma 2.14 is applicable, since N (Lk)
is closed. Let us consider this sequence (xk): for n > m we have that

Ln(xm + Lxn − Lxm) = Ln−m−1Lm+1xm + Ln+1xn − Ln−mLm+1xm = 0

and, therefore, xm +Lxn −Lxm ∈ N (Ln) and ∥xn − (xm + Lxn − Lxm)∥ ≥ 1
2 , since

this inequality holds for all elements in N (Ln). Now

xn − (xm + Lxn − Lxm) = Kxn −Kxm

implies that ∥Kxn −Kxm∥ ≥ 1
2 for all n > m so that (Kxn) cannot have a conver-

gent subsequence. Since (xn) is bounded, this is a contradiction to the compactness
of K. Thus, our assumption was wrong and, therefore, ν1 ∈ N0 exists.
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(ii) Now we show the existence of ν2 ∈ N0 so that (2.27) holds with ν = ν2.
Obviously, R(Lk) ⊇ R(Lk+1) for all k ∈ N. If R(Lk) = R(Lk+1), then also
R(Lp+1) = R(Lp) for all p > k. This can be seen as follows:

x ∈ R(Lp) =⇒ x = Lpz = Lp−k(Lkz) ∧ Lkz ∈ R(Lk) = R(Lk+1)
=⇒ Lkz = Lk+1y ∧ x = Lp−k(Lk+1y) = Lp+1y ∈ R(Lp+1)

Thus, R(Lp) ⊆ R(Lp+1). Since the other conclusion is always correct, we have
shown that R(Lp) = R(Lp+1).
Therefore, we only have to show that a ν2 ∈ N0 exists with R(Lν2) = R(Lν2+1).
Thereto, we assume the conntrary, i.e., R(Lk) ⊋ R(Lk+1) for all k ∈ N0. Since,
due to the binomial theorem,

Ln = (I −K)n = I −Kn with Kn =
n∑

i=1

(−1)i−1
(
n

i

)
Ki (2.29)

for all n ∈ N and since products and sums of compact operators are again compact
(see Theorem 2.8 (c), (d)), Kn is compact. Thus, Theorem 2.16 is also applicable
to Ln, especially R(Ln) is closed. Now Lemma 2.14 implies that for all k ∈ N0 a
yk ∈ R(Lk) exists with ∥yk∥ = 1 and ∥yk − y∥ ≥ 1

2 for all y ∈ R(Lk+1). Let us
consider this sequence (yk): since yk ∈ R(Lk), xk exists with Lkxk = yk. But then

ym +Lyn −Lym = Ln+1(Lm−n−1xm + xn −Lm−nxm) ∈ R(Ln+1) for m > n ∈ N

so that 1
2 ≤ ∥yn − (ym + Lyn − Lym)∥ = ∥Kyn −Kym∥ for m > n, which is a

contradiction to the compactness of K. Thus, our assumption was wrong and,
therefore, ν2 ∈ N0 exists.

(iii) Let ν1 and ν2 be minimal with the properties

N (Lν1) = N (Lν1+1) and R(Lν2) = R(Lν2+1) .

We still have to show that
ν1 = ν2 . (2.30)

First we assume that ν1 > ν2. Then, due to the definition of ν2,

R(Lν1) = R(Lν1−1) = . . . = R(Lν2) .

Thus, Lν1−1x ∈ R(Lν1−1) = R(Lν1) and, hence, x̄ exists with Lν1−1x = Lν1x̄. Now,
due to the definition of ν1,

x ∈ N (Lν1) =⇒ 0 = Lν1x = Lν1+1x̄ =⇒ x̄ ∈ N (Lν1+1) = N (Lν1)
=⇒ 0 = Lν1x̄ = Lν1−1x =⇒ x ∈ N (Lν1−1) .

Thus, N (Lν1) ⊆ N (Lν1−1) holds which is a contradiction to the minimality of ν1.
Therefore, ν1 ≤ ν2.
Now we assume that ν1 < ν2. Then, due to the definition of ν1,

N (Lν1) = N (Lν1+1) = . . . = N (Lν2−1) = N (Lν2) .
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Let y = Lν2−1x ∈ R(Lν2−1). Then Ly = Lν2x ∈ R(Lν2) = R(Lν2+1) and, hence, x̄
exists with Ly = Lν2+1x̄. Thus,

Lν2(x− Lx̄) = Ly − Ly = 0 =⇒ x− Lx̄ ∈ N (Lν2) = N (Lν2−1)
=⇒ 0 = Lν2−1(x− Lx̄) = Lν2−1x− Lν2x̄

=⇒ y = Lν2−1x = Lν2x̄ ∈ R(Lν2)

showing that R(Lν2−1) ⊆ R(Lν2) holds which is a contradiction to the minimality
of ν2. This proves (2.30), i.e., the existence of the Ries index ν.

(iv) Since, due to (2.29), Lν = I −Kν , Theorem 2.16 (a) implies that dim N (Lν) < ∞.

(v) In a next step, we prove (2.28): let x ∈ N (Lν) ∩ R(Lν). Then x = Lν x̄ for some
x̄ and Lνx = 0. But then L2ν x̄ = 0, i.e., x̄ ∈ N (L2ν) = N (Lν) and, hence,
x = Lν x̄ = 0. Therefore, we have shown that

N (Lν) ∩ R(Lν) = {0} . (2.31)

Now we show that
X = N (Lν) + R(Lν), (2.32)

which together with (2.31) implies (2.28). Thereto, let x ∈ X be arbitrary, but
fixed. We have to construct elements in N (Lν) and R(Lν) so that their sum equals
x: Since Lνx ∈ R(Lν) = R(L2ν), x̄ exists with Lνx = L2ν x̄. Let n := x − Lν x̄.
Then

Lνn = Lνx− L2ν x̄ = 0 =⇒ n ∈ N (Lν) .
Since x = n+ Lν x̄, it holds that x ∈ N (Lν) + R(Lν). This proves (2.32).

(vi) Now we prove the continuity of the projection operators induced by the decompo-
sition (2.28): for n ∈ N (Lν) let

|n| := inf{∥n+ r∥ : r ∈ R(Lν)} = inf{∥n− r′∥ : r′ ∈ R(Lν)} = d(n,R(Lν)) .

We show that | · | is a norm on N (Lν): since R(Lν) is closed, |n| > 0 if n /∈ R(Lν).
Therefore, |n| = 0 implies that n ∈ R(Lν). But then (2.31) implies that n = 0.
If λ ∈ R \ {0}, then

|λn| = inf{∥λn+ r∥ : r ∈ R(Lν)}
= inf{|λ|

∥∥∥n+ r

λ

∥∥∥ : r ∈ R(Lν)}

= |λ| inf{∥n+ r′∥ : r′ ∈ R(Lν)} = |λ| |n| .

Obviously, ∥n+m+ r + s∥ ≤ ∥n+ r∥ + ∥m+ s∥ for all r, s ∈ R(Lν). Taking the
infimum of this inequality with respect to r and s yields |n+m| ≤ |n| + |m| for all
n,m ∈ N (Lν). Altogether we have shown that | · | is a norm on N (Lν).
Another norm on N (Lν) is the restriction of the original norm. Since N (Lν) is
finite-dimensional and since all norms on finite-dimensional spaces are equivalent,
there must exist a constant C > 0 such that ∥n∥ ≤ C|n| for all n ∈ N (Lν).
This implies that

∥Px∥ ≤ C|Px| = C inf{∥Px+ r∥ : r ∈ R(Lν)} ≤ C ∥Px+ (x− Px)∥ = C ∥x∥
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for all x ∈ X, where P : X → N (Lν) denotes the projection onto N (Lν). Note
that x − Px ∈ R(Lν). Thus, P is bounded and, hence, continuous. The same is
obviously true for I − P , the projector onto R(Lν).

(vii) In a final step, we prove that L̄ := L|R(Lν) is a continuously invertible bijection
onto R(Lν). Since, due to (2.31),

R(L̄) = L(R(Lν)) = R(Lν+1) = R(Lν)
N (L̄) = N (L) ∩ R(Lν) ⊆ N (Lν) ∩ R(Lν) = {0}

L̄ : R(Lν) → R(Lν) is bijective. Hence, the inverse L̄−1 exists. We assume that
L̄−1 is unbounded. Then a sequence (xn) exists in R(Lν) with ∥xn∥ = 1 for all
n ∈ N and

∥∥L̄−1xn

∥∥ → ∞ as n → ∞. Let x̄n := xn

∥L̄−1xn∥ . Then x̄n → 0. Since∥∥L̄−1x̄n

∥∥ = 1 and since K|R(Lν) as a restriction of a compact operator is also
compact, (K(L̄−1x̄n)) has a convergent subsequence (K(L̄−1x̄nk

)), whose limit is
denoted by z. Since R(Lν) is closed, z ∈ R(Lν). Now

L̄−1x̄n −K(L̄−1x̄n) = L̄L̄−1x̄n = x̄n

implies that
lim

k→∞
L̄−1x̄nk

= lim
k→∞

(
x̄nk

+K(L̄−1x̄nk
)
)

= z .

Thus, L̄z = limk→∞ L̄(L̄−1x̄nk
) = limk→∞ x̄nk

= 0 and, hence, z = 0, which is a
contradiction to ∥z∥ = limk→∞

∥∥L̄−1x̄nk

∥∥ = 1. Therefore, the assumption of L̄−1

being unbounded was wrong, i.e., L̄−1 is bounded.

Remark 2.20. In the last part of the proof above, the following principle was used:
construct a bounded sequence zn (here L̄−1x̄n). Using the compactness a convergent
subsequence (Kznk

) of (Kzn) is chosen. If wn := zn −Kzn is convergent, then

znk
= wnk

+Kznk

is also convergent. This conclusion from the convergence of the image sequence (Kznk
)

to the preimage sequence (znk
) is only possible for equations of the second kind since

the unknown function also appears outside the compact operator K.
By the way, the last step of the proof would have been simpler if X had been complete:
the boundedness of L̄−1 would have then been a consequence of the open mapping
theorem by Banach.
All results from Theorem 2.19 remain valid if L = S − K with compact K and a
continuously invertible S, since

Sx−Kx = f ⇐⇒ x− S−1Kx = S−1f

and since S−1K is compact, due to Theorem 2.8 (d).
We can draw the following conclusions from the theorems of Riesz for the equation

x−Kx = f (2.33)
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and its homogeneous version
x−Kx = 0 , (2.34)

when K : X → X is compact, including Fredholm integral equations of the second
kind:
If (2.34) only has the trivial solution x = 0, then (2.33) is uniquely solvable for all
f ∈ X and this solution depends continuously on f . One then says that problem (2.33)
is correctly posed. This can be seen from Theorem 2.19 as follows: since N (I−K) = {0},
the Riesz index ν = 0, i.e., R(I−K) = R((I−K)0) = X. Therefore, I−K is surjective.
Moreover, L|R(Lν) = L and, hence, L−1 is continuous.
Equation (2.34) has nontrivial solutions if and only if (2.33) is not solvable for all f ∈ X.
If one only allows right-hand sides f ∈ R((I − K)ν) and solutions x ∈ R((I − K)ν),
then (2.33) is uniquely solvable and the solution depends continuously on f . This is
especially important for the case ν = 1 (see Theorem 2.29 below), since the set of
admissible right-hand sides then coincides with the set of right-hand sides, where a
solution exists at all. The considered solutions are then the ones without a contribution
from the null space.
The solution sets of (2.33) and (2.34) are always finite-dimensional.

2.4. Fredholm theory

In cases ν ≥ 1, the Riesz theory gives no information for which concrete right-hand sides
f equation (2.33) is solvable. Thereto, one needs an adjoint equation as in Theorem 2.6.
In Hilbert spaces this is quite obvious. In Banach spaces, one could use the adjoint
operator defined on the dual space. However, such dual spaces can be quite ugly, e.g.,
the dual space of continuous functions is the space of functions with bounded variation.
Therefore, it is more convenient to derive the Fredholm theory for so-called dual systems:

Definition 2.21. Let X, Y be normed spaces. A mapping ⟨ ·, · ⟩ : X × Y → C (or R) is
called bilinear form if

⟨α1x1 + α2x2, y ⟩ = α1 ⟨x1, y ⟩ + α2 ⟨x2, y ⟩
⟨x, β1y1 + β2y2 ⟩ = β1 ⟨x, y1 ⟩ + β2 ⟨x, y2 ⟩

for all x, x1, x2 ∈ X, y, y1, y2 ∈ Y , and α1, α2, β1, β2 ∈ C (or R). The bilinear form is
called nondegenerate if for all x ∈ X, x ̸= 0, there exists a y ∈ Y with ⟨x, y ⟩ ≠ 0,
and if for all y ∈ Y , y ̸= 0, there exists an x ∈ X with ⟨x, y ⟩ ≠ 0.
The normed spaces X, Y equipped with a nondegenerate bilinear form are called a dual
system, denoted by ⟨X, Y ⟩.
The bilinear form is called bounded if a γ > 0 exists such that | ⟨x, y ⟩ | ≤ γ ∥x∥ ∥y∥
for all x ∈ X and y ∈ Y .
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If one replaces the second requirement for a bilinear form by

⟨x, β1y1 + β2y2 ⟩ = β̄1 ⟨x, y1 ⟩ + β̄2 ⟨x, y2 ⟩

one gets a so-called sesquilinear form, where an analogous theory can be derived.

Example 2.22.

(a) Let X be a real Hilbert space with inner product ⟨ ·, · ⟩. Then ⟨X,X ⟩ is a dual
system (over R) with a bounded bilinear form. The boundedness (γ = 1) follows
from the Cauchy-Schwarz inequality.
This is the reason why we use the same notation for inner products and nondegen-
erate bilinear forms.

(b) Let X be a Banach space with dual space X∗. ⟨ ·, · ⟩ : X × X∗ → C (or R) is
defined by ⟨x, f ⟩ := f(x). Then ⟨X,X∗ ⟩ is a dual system with bounded bilinear
form (γ = 1). The nondegeneracy follows from the Hahn-Banach theorem.

(c) Let X be a Banach space that is continuously and densely embedded in the real
Hilbert space H with inner product ⟨ ·, · ⟩H , i.e., I : X → H is continuous and I(X)
is dense in H. If we define ⟨x, y ⟩ := ⟨ Ix, Iy ⟩H for all x, y ∈ X, then ⟨X,X ⟩ is a
dual system with bounded bilinear form. The nondegeneracy is shown as follows:
let x ∈ X be such that ⟨x, y ⟩ = 0 for all y ∈ X, i.e., ⟨ Ix, Iy ⟩H = 0 for all y ∈ X.
Since I(X) is dense in H, it follows that ⟨ Ix, h ⟩H = 0 for all h ∈ H and, hence,
Ix = x = 0. In an analogous way one shows the second part. The boundedness
follows from | ⟨x, y ⟩ | = | ⟨ Ix, Iy ⟩H | ≤ ∥Ix∥H ∥Iy∥H ≤ ∥I∥2

X,H ∥x∥X ∥y∥X .
An important special case is the following: X = C(G), H = L2(G) with

⟨ f, g ⟩H :=
∫

G

f(t)g(t)r(t) dt ,

where r : G → R+ is a continuous weight function. Then

∥x∥2
H =

∫
G

x2(t)r(t) dt ≤ ∥x∥2
∞

∫
G

r(t) dt =⇒ γ = ∥I∥2
X,H ≤

∫
G

r(t) dt .

Most of the time r ≡ 1 so that γ = ∥I∥2
X,H ≤ |G|.

This example allows a comfortable formulation of the Fredholm theory in C(G)
without using its dual space.

(d) Finally, we give an example of an unbounded nondegenerate bilinear form, due to
Kress [5]: let

X :=
{
x ∈ C(0, 1] : ∃M,α > 0 ∀t ∈ (0, 1] : |x(t)| ≤ Mtα− 1

2

}
with ∥x∥ := supt∈(0,1]

(√
t|x(t)|

)
and ⟨x, y ⟩ :=

∫ 1
0 x(t)y(t) dt. The unboundedness

can be easily seen using the functions xn(t) := t
1
n

− 1
2 .

31



Definition 2.23. Let ⟨X, Y ⟩ be a dual system. A : X → X and B : Y → Y are called
adjoint to each other if for all x ∈ X and y ∈ Y : ⟨Ax, y ⟩ = ⟨x,By ⟩.

Remark 2.24. In case of Example 2.22 (a), (b), a linear bounded operator A : X → X
always has an adjoint, namely the Hilbert space adjoint A∗ : X → X in case (a) and
the Banach space adjoint A∗ : X∗ → X∗ in case (b).
For general dual systems the existence of an adjoint operator is not automatically
guaranteed: let, e.g., X = C[0, 1], H = L2[0, 1], and ⟨ ·, · ⟩ as in Example 2.22 (c) with
r ≡ 1, i.e., ⟨x, y ⟩ :=

∫ 1
0 x(t)y(t) dt. Moreover, A : X → X is defined by Ax(t) := x(0).

Let us assume that A has an adjoint operator B in the dual system ⟨X,X ⟩. Setting
v := By with y ≡ 1, we get that

x(0) = ⟨Ax, y ⟩ = ⟨x,By ⟩ = ⟨x, v ⟩ =
∫ 1

0
x(t)v(t) dt for all x ∈ X .

But then ⟨x, v ⟩ = 0 for all x ∈ D := {x ∈ X : x(0) = 0}. Since D is dense in H,
⟨x, v ⟩ = 0 for all x ∈ H. But then v = 0, so that ⟨x, v ⟩ ≠ x(0) for all functions x with
x(0) ̸= 0. This is a contradiction. This argument shows that such a v can even not exist
in H = L2[0, 1]. Thus, A has no adjoint operator in this dual system.
It is an immediate consequence of the properties of a dual system that, whenever A has
an adjoint operator B, then B is uniquely determined and linear.
For integral operators the existence (and compactness) of an adjoint operator is always
guaranteed in the dual system ⟨C(G), C(G) ⟩. One can even give an explicit formula
for it:

Theorem 2.25.

(a) Let k ∈ L2(G×G) and let K be the induced integral operator, i.e.,

(Kx)(s) :=
∫

G

k(s, t)x(t) dt

for all x ∈ L2(G) and s ∈ G. Moreover,

(K ′y)(s) :=
∫

G

k(t, s)y(t) dt (2.35)

for all y ∈ L2(G) and s ∈ G. Then K and K ′ are adjoint to each other in the dual
system ⟨L2(G), L2(G) ⟩.

(b) Let k ∈ C(G×G) or let k be a weakly singular kernel with induced integral operator
K on C(G). Moreover, let K ′ be defined as in (2.35) for all y ∈ C(G) and s ∈ G.
Then K and K ′ are adjoint to each other in the dual systems ⟨C(G), C(G) ⟩ with
⟨x, y ⟩ :=

∫
G
x(t)y(t) dt.

In both cases K ′ is again compact.
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Proof: According to Theorems 2.1, 2.11, and 2.13, in all cases K ′ exists and is compact.
The fact that K and K ′ are adjoint to each other follows from the equation

⟨Kx, y ⟩ =
∫

G

∫
G

k(s, t)x(t) dt y(s) ds =
∫

G

x(t)
∫

G

k(s, t)y(s) ds dt

=
∫

G

x(t)(K ′y)(t) dt = ⟨x,K ′y ⟩ .

Interchanging the order of integration is allowed due to Fubini’s theorem, whose appli-
cability in case of a continuous or L2-kernel follows from the integrability of the function
(s, t) 7→ |k(s, t)x(t)y(s)|. If k is weakly singular, then (Kx)(s) = limn→∞(Knx)(s) (uni-
formly in s) where Kn are integral operators with continuous kernels kn(s, t) (see the
proof of Theorem 2.13). For the approximation operator Kn it follows as above that K ′

n

(with kernel kn(t, s)) is adjoint to Kn. Due to the uniformity of the convergence (in s),
we obtain

⟨Kx, y ⟩ =
∫

G

lim
n→∞

(Knx)(s)y(s)ds = lim
n→∞

⟨Knx, y ⟩ = lim
n→∞

⟨x,K ′
ny ⟩

=
∫

G

x(s) lim
n→∞

(K ′
ny)(s)ds = ⟨x,K ′y ⟩

for all x, y ∈ C(G).

For the proof of the main theorem of the Fredholm theory we need a lemma about the
existence of a biorthogonal system to finitely many linear independent vectors:

Lemma 2.26. Let ⟨X, Y ⟩ be a dual system and let n ∈ N. Then to every set of linearly
independent elements x1, . . . , xn ∈ X there exist elements y1, . . . , yn ∈ Y such that

⟨xi, yj ⟩ = δij , i, j = 1, . . . , n .

The same statement holds with the roles of X and Y interchanged.

Proof: The proof is done by induction: if n = 1, the assertion is true, since ⟨ ·, · ⟩ is
nondegenerate, i.e., y ∈ Y exists with ⟨x1, y ⟩ =: c ̸= 0. But then, setting y1 := y

c
yields

that ⟨x1, y1 ⟩ = 1. Assume that the assertion holds for n ∈ N linearly independent
elements.
Induction step: let x1, . . . , xn+1 ∈ X be n + 1 linearly independent elements. Then,
due to the induction hypothesis, applied to x1, . . . , xm−1, xm+1, . . . , xn+1, there exist
elements y(m)

1 , . . . , y
(m)
m−1, y

(m)
m+1, . . . , y

(m)
n+1 ∈ Y for all m = 1, . . . , n+ 1 such that〈

xi, y
(m)
j

〉
= δij , i, j ∈ {1, . . . , n+ 1} \ {m} . (2.36)

Due to the linear independence of x1, . . . , xn+1,

xm −
n+1∑
j=1
j ̸=m

〈
xm, y

(m)
j

〉
xj ̸= 0 .
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Since ⟨ ·, · ⟩ is nondegenerate, this implies the existence of wm ∈ Y with

0 ̸=
〈
xm −

n+1∑
j=1
j ̸=m

〈
xm, y

(m)
j

〉
xj, wm

〉
=
〈
xm, wm −

n+1∑
j=1
j ̸=m

⟨xj, wm ⟩ y(m)
j

〉
=: αm .

Setting

ym := 1
αm

wm −
n+1∑
j=1
j ̸=m

⟨xj, wm ⟩ y(m)
j

 ,

it obviously holds that ⟨xm, ym ⟩ = 1 and that, due to (2.36),

⟨xi, ym ⟩ = 1
αm

⟨xi, wm ⟩ −
n+1∑
j=1
j ̸=m

⟨xj, wm ⟩
〈
xi, y

(m)
j

〉 = 0

for all i ̸= m. Thus, we constructed elements y1, . . . , yn+1 ∈ Y such that ⟨xi, yj ⟩ = δij

for all i, j = 1, . . . , n+ 1. The proof for the interchanged roles is analogous.

Now we are in the position to prove the Fredholm alternative:

Theorem 2.27 (Fredholm alternative). Let ⟨X, Y ⟩ be a dual system, K : X → X
and K ′ : Y → Y are compact and adjoint to each other. Then the following assertions
hold:
The homogeneous equations

x−Kx = 0 (2.37)

and
y −K ′y = 0 (2.38)

have the same finite number of linearly independent solutions, i.e.,

dim(N (I −K)) = dim(N (I −K ′)) < ∞ .

Moreover, the inhomogeneous equation

x−Kx = f (2.39)

with f ∈ X is solvable if and only if ⟨ f, y ⟩ = 0 for all solutions y of (2.38), and the
inhomogeneous equation

y −K ′y = g

with g ∈ Y is solvable if and only if ⟨x, g ⟩ = 0 for all solutions x of (2.37).

Proof: It was already shown in Theorem 2.16 that

m := dim(N (I −K)) and n := dim(N (I −K ′))
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are finite. It remains to be shown that n = m. Let us assume that m < n.
Let x1, . . . , xm be a basis for N (I −K) (only possible for m > 0) and let y1, . . . , yn be
a basis for N (I − K ′). Due to Lemma 2.26, there exist elements a1, . . . , am ∈ Y and
b1, . . . , bn ∈ X with

⟨xi, aj ⟩ = δij , i, j ∈ {1, . . . ,m} , ⟨ bi, yj ⟩ = δij , i, j ∈ {1, . . . , n} . (2.40)

Let T : X → X be defined by

Tx :=
m∑

i=1

⟨x, ai ⟩ bi . (2.41)

Note that T ≡ 0 for m = 0. We show that

N (I −K + T ) = {0} . (2.42)

This is trivial for m = 0, but has to be shown for m > 0. Let x ∈ N (I −K + T ). Using
that yj −K ′yj = 0, it follows with (2.40) that

⟨x, aj ⟩ = ⟨x, aj ⟩ + ⟨x, yj −K ′yj ⟩) =
〈
x,

m∑
i=1

⟨ bi, yj ⟩ ai

〉
+ ⟨x−Kx, yj ⟩

=
〈

m∑
i=1

⟨x, ai ⟩ bi, yj

〉
+ ⟨x−Kx, yj ⟩ = ⟨x−Kx+ Tx, yj ⟩ = 0 (2.43)

for all j ∈ {1, . . . ,m}. Therefore, Tx = 0 and, hence, x ∈ N (I − K). Since x1, . . . , xm

is a basis for N (I − K), there exist coefficients α1, . . . , αm with x =
∑m

i=1 αixi. Now
(2.40) and (2.43) imply that

αj = ⟨x, aj ⟩ = 0 , j ∈ {1, . . . ,m} =⇒ x = 0 .

This proves (2.42). Now we show that

R(I −K + T ) = X . (2.44)

Let ν be the Riesz index of (I − K) and P : X → N ((I − K)ν) the projector induced
by the decomposition (2.28). First, we show that

(I −K − P ) : X → X is bijective and continuously invertible . (2.45)

Since, due to Theorem 2.19, P is continuous and since dim(R(P )) = dim(N ((I −K)ν)
is finite, Theorem 2.8 (f) implies that P is compact. Thus, also K + P is compact. Let
now x ∈ N (I −K − P ). Then (I −K)x = Px. Together with Px ∈ N ((I −K)ν) this
implies that (I−K)ν+1x = 0, and hence, due to the definition of ν that (I−K)νx = 0,
i.e., x ∈ N ((I −K)ν). But then x = Px = (I −K)x. This implies that

x = (I −K)x = (I −K)2x = . . . = (I −K)νx = 0 .

Since x ∈ N (I − K − P ) was arbitrary, this shows that N (I − K − P ) = {0}. Now
Theorem 2.19, applied to the compact operator K + P yields (2.45).
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To prove (2.44), we have to show that

(I −K + T )x = z (2.46)

is solvable for any z ∈ X. We will construct a solution using the operator

A : R(P + T ) → X , defined by A := (I −K + T )(I −K − P )−1 .

Since

A = (I −K − P + P + T )(I −K − P )−1 = I + (P + T )(I −K − P )−1 ,

R(A) ⊆ R(P + T ), i.e., A maps the finite-dimensional space R(P + T ) into itself.
If w ∈ N (A), then, due to (2.42), (I −K −P )−1w = 0 and, hence, w = 0. Therefore, A
is injective and, due to dim(R(P+T )) < ∞, also surjective as an operator to R(P+T ).
Thus, equation

v + (P + T )(I −K − P )−1v = Av = (P + T )(I −K − P )−1z (2.47)

has a unique solution v ∈ R(P +T ). Setting x := (I −K−P )−1(z− v), we obtain that

(I −K + T )x = (I −K − P )x+ (P + T )x
= z − v + Av − (P + T )(I −K − P )−1v

= z − v + Av + (v − Av) = z .

Thus, x solves (2.46). Since z ∈ X was arbitrary, this proves (2.44) and together with
(2.42) that (I −K + T ) is bijective.
As a consequence equation

(I −K + T )x = bm+1

has a unique solution xm+1. Now (2.40), (2.41), and ym+1 ∈ N (I −K ′) imply that

1 = ⟨ bm+1, ym+1 ⟩ = ⟨xm+1 −Kxm+1 + Txm+1, ym+1 ⟩

= ⟨xm+1 −Kxm+1, ym+1 ⟩ +
m∑

i=1

⟨xm+1, ai ⟩ ⟨ bi, ym+1 ⟩

= ⟨xm+1, ym+1 −K ′ym+1 ⟩ = 0 .

This is a contradiction. Thus, the assumption m < n was wrong. In an analogous way
one shows that the assumption m > n leads to a contradiction. This then proves that
m = n.
Finally, we have to prove the assertions about the inhomogeneous equations: let f ∈ X,
x a solution of (2.39), and y an arbitrary solution of (2.38). Then

⟨ f, y ⟩ = ⟨ (I −K)x, y ⟩ = ⟨x, (I −K ′)y ⟩ = 0 .

Let us now assume that ⟨ f, y ⟩ = 0 for all solutions y of (2.38). We have to prove the
solvability of (2.39) and distinguish two cases:
We have already shown that m := dim(N (I −K)) = dim(N (I −K ′)) < ∞. If m = 0,
then (2.39) is solvable, due to Theorem 2.19: since ν = 0, R(I−K) = R((I−K)0) = X.
Note that y = 0 is then the only solution of (2.38).
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If m > 0, then we have already shown that there exists a unique x with (I−K+T )x = f .
Together with (2.40), (2.41), and yj ∈ N (I −K ′) we get that

⟨x, aj ⟩ = ⟨x, yj −K ′yj ⟩ + ⟨x, aj ⟩

= ⟨x−Kx, yj ⟩ +
m∑

i=1

⟨x, ai ⟩ ⟨ bi, yj ⟩

= ⟨x−Kx+ Tx, yj ⟩ = ⟨ f, yj ⟩ = 0 .

for all j ∈ {1, . . . ,m}. Thus, Tx = 0, i.e., x also solves (2.39).
The assertion about the other inhomogeneous equation follows analogoulsy.

Remark 2.28. This version of the Fredholm alternative includes the Hilbert space ver-
sion and the Banach space version, where one uses the dual space (sometimes called
Schauder theory) (see Example 2.22 (a) and (b)). However, it is also applicable to
integral equations in C(G), where the adjoint is considered on the same space (see
Example 2.22 (c) and Theorem 2.25).
As can be easily checked, all theorems above remain valid if in the dual form the bilinear
form is replaced by a sesquilinear form. This then includes complex Hilbert spaces, e.g.,
L2(G) with

⟨x, y ⟩ :=
∫

G

x(t)y(t) dt .

Note that then in (2.35) k(t, s) has to be replaced by k(t, s).

We now present a characterization for the case of Riesz index ν = 1 in a dual system:

Theorem 2.29. Let ⟨X, Y ⟩, K, and K ′ be as in Theorem 2.27, and assume that
dim(N (I −K)) > 0. Then the following two assertions are equivalent:

(a) K and K ′ have Riesz index 1.

(b) The matrix (⟨xi, yj ⟩)i,j∈{1,...,m} is regular for some bases x1, . . . , xm of N (I −K)
and y1, . . . , ym of N (I −K ′).

Proof: We prove that ¬(a) ⇔ ¬(b).
Noting that, due to Theorem 2.27, K and K ′ have the same Riesz index ν, it holds that
ν > 1 is equivalent to N (I −K) ⊊ N ((I −K)2). But this is equivalent to the existence
of an x ∈ X with

(I −K)2x = 0 and (I −K)x =: f ̸= 0

According to Theorem 2.27, this is equivalent to ⟨ f, y ⟩ = 0 for some f ∈ N (I−K)\{0}
and all y ∈ N (I −K ′). This, however, is equivalent to

0 =
〈

m∑
i=1

λixi, yj

〉
=

m∑
i=1

⟨xi, yj ⟩λi for all j ∈ {1, . . . ,m}
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for any basis x1, . . . , xm of N (I − K), any basis y1, . . . , ym of N (I − K ′), and some
vector (λ1, . . . , λm) ̸= 0. Finally, this is equivalent to the fact that (⟨xi, yj ⟩)i,j∈{1,...,m}
is singular.

Remark 2.30. If the operator K is selfadjoint in the dual system ⟨X,X ⟩, then the Riesz
index of K can either be 0 or 1. Because, if it’s not 0, then dim(N (I − K)) > 0 and
the condition of Theorem 2.29 (b) is satisfied for every basis of N (I −K) = N (I −K ′)
with yi = xi, since for any set of linearly independent elements x1, . . . , xm, the Gramian
matrix (⟨xi, xj ⟩)i,j∈{1,...,m} is regular.

2.5. Spectral theory for compact operators

In this section, we are interested for what values λ ∈ C the equation

λx(s) −
∫ 1

0
k(s, t)x(t) dt = 0

has a nontrivial solution x. This leads us to the discussion of the spectrum of compact
operators.

Definition 2.31. Let X be a normed space and T ∈ L(X). The spectrum of T is
defined by

σ(T ) := {λ ∈ C : λI − T : X → X has no continuous inverse}

λ ∈ C is called eigenvalue of T if N (λI − T ) ̸= {0}. Each element of N (λI − T ) is
called eigenvector or eigenfunction of T to the eigenvalue λ.

The spectrum of T consists of those spectral values λ ∈ C, for which it does not hold
that the equation

λx− Tx = f (2.48)

has a unique solution for all right-hand sides f and that it depends continuoulsy on
f . The value λ can be in σ(T ) for different reasons: either the requirement for unique-
ness, or existence, or continuous dependence of a solution of (2.48), or several of these
requirements may be violated. λ is an eigenvalue if the requirement for uniqueness is
violated.

Example 2.32. In the spectrum there can also be values that are no eigenvalues: the
operator K : C[0, 1] → C[0, 1] defined by

(Kx)(s) :=
∫ s

0
x(t) dt
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is compact. Taking the derivative yields that (Kx)′ = x. This implies that N (K) = {0}.
Due to Theorem 2.17, R(K) = {f ∈ C1[0, 1] : f(0) = 0} is not closed. Therefore, K−1

does not exist. Thus, 0 ∈ σ(K), but 0 is no eigenvalue.

In the next theorem we collect some properties of the spectrum of compact operators:

Theorem 2.33. Let X be a normed space and let K : X → X be compact. Then it
holds:

(a) If dimX = ∞, then 0 ∈ σ(K).

(b) If λ ∈ σ(K) \ {0}, then λ is an eigenvalue of K with finite geometrical multiplicity,
i.e., dim(N (λI −K)) < ∞.

(c) σ(K) is at most countable with 0 as the only possible accumulation point in
C ∪ {∞}.

Proof:

(a) Let dimX = ∞ and assume that 0 /∈ σ(K), i.e., K−1 ∈ L(X,X). Then, due to
Theorem 2.8 (d), I = K−1K is compact which is a contradiction to Lemma 2.15.
Therefore, the assumption was wrong.

(b) We assume that λ ̸= 0 is no eigenvalue of K, i.e., N (λI − K) = {0}. But then
λI−K has Riesz index 0 and, hence, R(λI−K) = X. According to Theorem 2.19,
λI −K has then a continuous inverse on R(λI −K) = X. Thus, λ /∈ σ(K).
This shows that each λ ∈ σ(K) \ {0} is an eigenvalue, i.e, N (λI −K) ̸= {0}. Then
Theorem 2.19 implies that dim(N (λI −K)) ≤ dim(N ((λI −K)ν)) < ∞.

(c) Let λ1, λ2, . . . ∈ σ(K) \ {0} be pairwise different with λn → λ ∈ C, i.e., λ is an
accumulation point of σ(K). Let us assume that λ ̸= 0.
According to (b), each λn is an eigenvalue. Therefore, an eigenvector xn exists to
λn. Note that each set of eigenvectors {x1, . . . , xn} is linearly independent as the
following argument shows: let (α1, . . . , αn) be such that

∑n
i=1 αixi = 0. Then, due

to the definition of xi, also
∑n

i=1 αiλ
j
ixi = 0 for all j = 1, . . . , n. Since

(
λj

i

)
i,j=1,...,n

is a Vandermonde matrix, this implies that αi = 0 for all i = 1, . . . , n.
Let Xn := span{x1, . . . , xn}. Then X1 ⊊ X2 ⊊ X3 ⊊ . . .. Due to Lemma 2.14,
for all n ∈ N an element zn ∈ Xn exists with ∥zn∥ = 1 and ∥zn − x∥ ≥ 1

2 for all
x ∈ Xn−1. Since zn =

∑n
i=1 α

(n)
i xi for some (α(n)

i )i=1,...,n, we obtain that

Kzn − λnzn =
n∑

i=1

α
(n)
i (Kxi − λnxi) =

n−1∑
i=1

α
(n)
i (λi − λn)xi ∈ Xn−1 .

Obviously, Kzm ∈ Xm ⊆ Xn−1 for all m < n. Therefore,

Kzm − (Kzn − λnzn) ∈ Xn−1 for all m < n

39



and, hence,

∥Kzn −Kzm∥ = ∥λnzn − (Kzm − (Kzn − λnzn))∥

= |λn|
∥∥∥∥zn − 1

λn

(Kzm − (Kzn − λnzn))
∥∥∥∥ ≥ |λn|

2 >
|λ|
4

for n sufficiently large and m < n. Thus, (Kzn) has no convergent subsequence,
which is a contradiction to the compactness of K. Therefore, the assumption λ ̸= 0
was wrong. The contradiction proof above also works for the case |λn| → ∞. One
only has to replace |λ|

4 in the last estimate by 1. This shows that 0 is the only
possible accumulation point.
But then the sets Λn := {λ ∈ σ(K) : |λ| ≥ 1

n
}, n ∈ N, are finite-dimensional, since

otherwise Λn would have an accumulation point in {z ∈ C : |z| ≥ 1
n
} ∪ {∞}. Thus,

σ(K) ⊆ {0} ∪
⋃

n∈N Λn, i.e., σ(K) is at most countable.

For selfadjoint operators in Hilbert spaces one can prove additional results about σ(K).
For the time being, we assume that H ̸= {0} is a real or complex Hilbert space with
inner product ⟨ ·, · ⟩. Then ⟨H,H ⟩ is a dual system, where in the complex case one has
to use a sesquilinear form instead of a bilinear form (see Remark 2.28). According to
Definition 2.23, an operator K : H → H is selfadjoint if

⟨Kx, y ⟩ = ⟨x,Ky ⟩ for all x, y ∈ H .

Due to Remark 2.30, λI −K has Riesz index 0 or 1 for all λ ̸= 0 if K is selfadjoint and
compact.
Thus, integral operators in L2(G) with a symmetric (or Hermite) L2-kernel k, i.e., where
k(s, t) = k(t, s) (or k(s, t) = k(t, s)) a.e. in G×G, are selfadjoint (see Theorem 2.25).
Such operators have at least one eigenvalue whose absolute value equals ∥K∥:

Theorem 2.34. Let K : H → H be compact and selfadjoint. Then

{− ∥K∥ , ∥K∥} ∩ σ(K) ̸= ∅ .

Proof: If K = 0, the assertion is trivial. Let now K ̸= 0 and let (xn) be a sequence in H
with ∥xn∥ = 1 and ∥Kxn∥ → ∥K∥. Such a sequence exists according to the definition
of ∥K∥. Noting that ⟨K2x, x ⟩ = ∥Kx∥2,

0 ≤
∥∥K2xn − ∥Kxn∥2 xn

∥∥2

=
∥∥K2xn

∥∥2 − 2 ∥Kxn∥2 〈K2xn, xn

〉
+ ∥Kxn∥4 ∥xn∥2

≤ ∥K∥2 ∥Kxn∥2 − ∥Kxn∥4 −→
n→∞

0 .

Thus, K2xn − ∥Kxn∥2 xn → 0. Together with ∥Kxn∥ → ∥K∥ this implies that

K2xn − ∥K∥2 xn → 0 . (2.49)
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Since K2 is compact, (K2xn) has a convergent subsequence (K2xnk
). Together with

(2.49) this implies the convergence of (xnk
). Let x := limk→∞ xnk

. Then ∥x∥ = 1 and

0 = (K2x− ∥K∥2 x) = (K − ∥K∥ I)(K + ∥K∥ I)x .

Therefore, either x is eigenvector of K to the eigenvalue − ∥K∥ or z := Kx+∥K∥x ̸= 0,
is eigenvector of K to the eigenvalue ∥K∥.

Remark 2.35. The following two assertions hold for a selfadjoint operator K:

(a) The eigenvalues are real valued: if x ̸= 0 and Kx = λx, then

λ ⟨x, x ⟩ = ⟨Kx, x ⟩ = ⟨x,Kx ⟩ = λ̄ ⟨x, x ⟩ =⇒ λ ∈ R .

(b) Eigenvectors to different eigenvalues are orthogonal to each other: if λ1 ̸= λ2,
Kx1 = λ1x1, and Kx2 = λ2x2, then

λ1 ⟨x1, x2 ⟩ = ⟨Kx1, x2 ⟩ = ⟨x1, Kx2 ⟩ = λ2 ⟨x1, x2 ⟩ =⇒ ⟨x1, x2 ⟩ = 0 .

So far we know that a compact selfadjoint operator K ̸= 0 has at least one and at most
countably many non-zero eigenvalues. The eigenspace to each of these eigenvalues is
finite-dimensional. If we choose an orthonormal basis for each eigenspace, we obtain an
orthonormal system:

Definition 2.36. Let K : H → H be compact and selfadjoint with non-zero eigenval-
ues λ1, λ2, λ3, . . ., where each eigenvalue is repeated according to its multiplicity. Let
x1, x2, . . . be an orthonormal system such that Kxi = λixi for all i ∈ N. If K has
only finitely many eigenvalues, then (λi) and (xi) denote finite sequences. The system
(λi, xi)i∈N is called an eigensystem of K.

We say an and not the eigensystem, since the eigenvectors xi are not uniquely deter-
mined, even not when the eigenspaces are one-dimensional.
We will see that the knowledge of an eigensystem of a compact selfadjoint operator
allows its reconstruction. If it is an integral operator, one can even represent the kernel
using the eigensystem.
In a first step we show that the vectors xi span the range of the operators (in the sense
of a Hilbert space basis).
In the following, we always assume that K ̸= 0. If K has only finitely many eigenvalues,
then all series have to be interpreted as finite sums.

Theorem 2.37. Let (λi, xi)i∈N be an eigensystem of the compact selfadjoint operator
K : H → H. Then {xi : i ∈ N} is an orthonormal basis of R(K).
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Proof: The orthonormality of the {xi} and the fact that xi ∈ R(K) immediately follows
from the definition of an eigensystem.
Let E be the subspace of the Hilbert space H spanned by {xi : i ∈ N}.
If x ∈ E⊥, i.e., ⟨x, xi ⟩ = 0 for all i ∈ N, then

⟨Kx, xi ⟩ = ⟨x,Kxi ⟩ = λi ⟨x, xi ⟩ = 0 for all i ∈ N .

Thus, K(E⊥) ⊆ E⊥, and, hence, K|E⊥ is a compact selfadjoint map from E⊥ into itself.
If E⊥ = {0}, we are done, since then E = H. If E⊥ ̸= {0}, then Theorem 2.34 implies
that K|E⊥ and also K has an eigenvalue whose absolute value equals ∥K|E⊥∥. But then
it must hold that ∥K|E⊥∥ = 0, since otherwise the corresponding eigenvector would
have to be an element of E and E⊥ at the same time. Thus,

⟨x, xi ⟩ = 0 for all i ∈ N =⇒ Kx = 0 .

Let now y ∈ R(K) be such that ⟨ y, xi ⟩ = 0 for all i ∈ N and let x ∈ X be such that
Kx = y. Then

0 = ⟨Kx, xi ⟩ = ⟨x,Kxi ⟩ = λi ⟨x, xi ⟩ = 0 for all i ∈ N =⇒ y = 0 .

This implies that the orthonormal system {xi : i ∈ N} is complete in R(K), i.e.,
E = R(K).

Elements of R(K), i.e., Kx for any x, can be expanded in a series with respect to the
orthonormal system {xi : i ∈ N}:

Corollary 2.38. Let K and (λi, xi)i∈N be as in Theorem 2.37. Then it holds for all
x ∈ H that

Kx =
∞∑

i=1

λi ⟨x, xi ⟩xi . (2.50)

Proof: Since Kx ∈ R(K), Theorem 2.37 implies that

Kx =
∞∑

i=1

⟨Kx, xi ⟩xi =
∞∑

i=1

⟨x,Kxi ⟩xi =
∞∑

i=1

λi ⟨x, xi ⟩xi .

One can interpret (2.50) as a diagonalization of the operator K: using the basis {xi},
the application of the operator K corresponds to the multiplication of the i-th coor-
dinate by λi. Obviously, one can use this diagonalization to solve equations involving
K by decoupling them into (usually infinitely many) equations in the one-dimensional
subspaces spanned by the eigenvectors:
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Corollary 2.39. Let K and (λi, xi)i∈N be as in Theorem 2.37. Then it holds for λ ̸= 0
and f ∈ H:
If λ /∈ σ(K), then the unique solution of

λx−Kx = f (2.51)

is given by

x =
∞∑

i=1

⟨ f, xi ⟩
λ− λi

xi +
∑
i∈Λ

⟨ f, ni ⟩
λ

ni = 1
λ
f +

∞∑
i=1

λi ⟨ f, xi ⟩
λ(λ− λi)

xi . (2.52)

If λ ∈ σ(K) \ {0}, then (2.51) is solvable if and only if ⟨ f, y ⟩ = 0 for all eigenvectors
y to the eigenvalue λ. Each such solution has the form

x =
∞∑

i=1
λi ̸=λ

⟨ f, xi ⟩
λ− λi

xi +
∑
i∈Λ

⟨ f, ni ⟩
λ

ni + y , y ∈ N (λI −K) . (2.53)

Here, {ni}i∈Λ is an orthonormal basis of N (K).
The equation

Kx = f (2.54)

is solvable if and only if f ∈ N (K)⊥ and if
∞∑

i=1

| ⟨ f, xi ⟩ |2

λ2
i

< ∞ . (2.55)

In this case, each solution of (2.54) has the form

x =
∞∑

i=1

⟨ f, xi ⟩
λi

xi + y , y ∈ N (K) . (2.56)

Proof: First, note that, due to Remark 2.35 (b) and Theorem 2.37,

{ni : i ∈ Λ} ∪ {xi : i ∈ N}

is a basis of H. Together with Corollary 2.38 we obtain for all x, f ∈ H that

λx−Kx =
∞∑

i=1

(λ− λi) ⟨x, xi ⟩xi + λ
∑
i∈Λ

⟨x, ni ⟩ni (2.57)

f =
∞∑

i=1

⟨ f, xi ⟩xi +
∑
i∈Λ

⟨ f, ni ⟩ni. (2.58)

If λ /∈ σ(K), comparing the Fourier coefficients in (2.57) and (2.58) immediately yields
that x as in the first expression of (2.52) is the unique solution of (2.51). The second
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one follows from the facts that∑
i∈Λ

⟨ f, ni ⟩
λ

ni = 1
λ
f − 1

λ

∞∑
i=1

⟨ f, xi ⟩xi and 1
λ− λi

− 1
λ

= λi

λ(λ− λi)
.

If λ ∈ σ(K) \ {0}, then comparing the Fourier coefficients in (2.57) and (2.58) yields
that a solution exists if and only if ⟨ f, xi ⟩ = 0 for all i ∈ N with λi = λ. But then
⟨ f, y ⟩ = 0 for all eigenvectors y to the eigenvalue λ. (This is already known from the
Fredholm alternative). Moreover, the solutions of (2.51) are given by (2.53).
Let us now assume that λ = 0. Then a comparison of the Fourier coefficients in (2.57)
and (2.58) yields that (2.54) has a solution if and only if λi ⟨x, xi ⟩ = ⟨ f, xi ⟩ for all
i ∈ N and if f ∈ N (K)⊥. But, due to Bessel’s inequality

∑∞
i=1 | ⟨x, xi ⟩ |2 ≤ ∥x∥2 < ∞,

this is true if and only if (2.55) holds. The solution is then given by (2.56).

Remark 2.40. The set Λ in (2.52) can be empty, finite or infinite. In a non-separable
Hilbert space it can even be uncountable. However, since for any y ∈ H \ {0} only
countably many ⟨ y, ni ⟩ ≠ 0,

∑
i∈Λ is always a common infinte series or finite sum.

An important example for (2.54) is a Fredholm integral equation of the first kind with
L2-kernel in L2(G). For such equations the Fredholm alternative does not hold. In this
case, the solvability is guaranteed if the so-called Picard condition (2.55) holds. But
even then the solution does not depend continuously on the data if dim(R(K)) = ∞ as
the following argument shows: assume that yδ = y+δxi. Then yδ ∈ R(K),

∥∥y − yδ
∥∥ = δ,

and, due to (2.56), the error in the solution is given by δ
λi

. Since λi → 0, the error can
be arbitrarily large.

One can even represent the kernel of the integral operator as a series:

Theorem 2.41. Let k ∈ L2(G×G) be a Hermite kernel with induced integral operator
K : L2(G) → L2(G) and let (λi, xi)i∈N be an eigensystem for the (then selfadjoint
compact) operator K. Then

k(s, t) =
∞∑

i=1

λixi(s)xi(t) , (2.59)

where equality and convergence in (2.59) hold in the L2(G×G)-sense. Moreover,

∥k∥2
2 =

∫
G×G

|k(s, t)|2 d(s, t) =
∞∑

i=1

λ2
i . (2.60)

Proof: Let φij(s, t) := xi(s)xj(t) for all i, j ∈ N and s, t ∈ G. As in the proof of
Theorem 2.3 one can see that, due to Theorem 2.37, {φij : i, j ∈ N} is an orthonormal
basis of a subspace of L2(G×G). Let

x ∈ N (K) = R(K)⊥ , y ∈ L2(G) , α(s, t) := y(s)x(t) , β(s, t) := x(s)y(t) .
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Then

⟨ k, α ⟩ =
∫

G×G

k(s, t)y(s)x(t) d(s, t)

=
∫

G

∫
G

k(s, t)x(t) dt y(s) ds = ⟨Kx, y ⟩ = 0 ,

⟨ k, β ⟩ =
∫

G×G

k(s, t)x(s)y(t) d(s, t)

=
∫

G

y(t)
∫

G

k(t, s)x(s) ds dt = ⟨ y,Kx ⟩ = 0 ,

where we used that k(s, t) = k(t, s). Thus, k is an element of the subspace spanned by
the functions φij. Hence,

k(s, t) =
∑
i,j∈N

⟨ k, φij ⟩φij(s, t) in L2-sense . (2.61)

However,

⟨ k, φij ⟩ =
∫

G×G

k(s, t)φij(s, t) d(s, t) =
∫

G

∫
G

k(s, t)xi(s)xj(t) dt ds

=
∫

G

(Kxj)(s)xi(s) ds = λj ⟨xj, xi ⟩ = λjδij

for all i, j ∈ N. Together with (2.61) this yields (2.59). Finally, (2.60) follows from
Parseval’s identity.

Remark 2.42. In a similar way, one could show that (2.59) holds for all s ∈ G with∫
G

|k(s, t)|2 dt < ∞, i.e., k(s, ·) ∈ L2(G). The convergence of the series is then meant in
L2(G) with respect to t.

Remark 2.43. Formula (2.60) implies that the eigenvalues of an integral operator with
L2-kernel are in l2. This is, of course, not true for a general compact operator.
An integral operator with L2-kernel belongs to the class of Hilbert-Schmidt operators,
a subclass of compact operators, defined as follows: a linear operator L : H → H is
called Hilbert-Schmidt operator if

∥L∥2
2 :=

∞∑
i=1

∥Lφi∥2 < ∞ ,

where (φi) is a complete orthonormal system. ∥L∥2 does not depend on the special
choice of the basis. It always holds that ∥L∥ ≤ ∥L∥2.
If K is a selfadjoint integral operator with L2-kernel k and eigensystem (λi, xi), then
(2.60) implies that

∥K∥2
2 =

∞∑
i=1

∥Kxi∥2 =
∞∑

i=1

λ2
i =

∫
G×G

|k(s, t)|2 d(s, t) < ∞ .
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For matrices L the Hilbert-Schmidt norm ∥L∥2 is identical to the Frobenius norm. The
set of Hilbert-Schmidt operators endowed with the inner product

(L,M) :=
∞∑

i=1

⟨Lφi,Mφi ⟩ ,

where (φi) is an arbitrary complete orthonormal system, is a Hilbert space.

For continuous kernels one can even prove a stronger convergence in (2.50):

Theorem 2.44. Let k ∈ C(G×G) be a Hermite kernel with induced integral operator
K : L2(G) → L2(G) and let (λi, xi)i∈N be an eigensystem for the operator K. Then

(Kx)(s) =
∞∑

i=1

λi ⟨x, xi ⟩xi(s) (2.62)

for all x ∈ L2(G) and s ∈ G, where the convergence is absolute and uniform.

Proof: Since k is continuous, a constant M > 0 exists such that∫
G

|k(s, t)|2 dt ≤ M (2.63)

for all s ∈ G. Theorem 2.41 and Remark 2.42 now imply that (2.59) holds for all
s ∈ G with convergence of the series in the L2-sense with respect to t. Therefore,
(Kx)(s) = ⟨ k(s, ·), x ⟩ satisfies the series representation (2.62) for all s ∈ G.
The convergence of the series is absolute and uniform in s as the following argument
shows: using (2.59) and Parseval’s identity, we obtain that∫

G

|k(s, t)|2 dt = ∥k(s, ·)∥2
2 =

∞∑
i=1

λ2
i |xi(s)|2

for alle s ∈ G. Together with the Cauchy-Schwarz inequality, (2.63) and Theorem 2.37
this implies that

0 ≤

(
∞∑

i=n

|λi ⟨x, xi ⟩xi(s)|
)2

≤
∞∑

i=n

| ⟨x, xi ⟩ |2
∞∑

i=1

λ2
i |xi(s)|2

=
∞∑

i=n

| ⟨x, xi ⟩ |2
∫

G

|k(s, t)|2 dt ≤ M
∞∑

i=n

| ⟨x, xi ⟩ |2 −→
n→∞

0

uniformly in s ∈ G.

It follows from the proof above that, actually, one does not need the continuity of k, but
only the weaker condition (2.63). A slightly stronger condition than the continuity of k is
needed to also guarantee absolute and uniform convergence of the kernel representation
(2.59). For that proof we need some results about positive semi-definite operators:
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Definition 2.45. Let K ∈ L(H) be selfadjoint. K is called positive semi-definite
if ⟨Kx, x ⟩ ≥ 0 for all x ∈ H. K is called positive definite if ⟨Kx, x ⟩ > 0 for all
x ∈ H \ {0}.

Lemma 2.46.

(a) Let K ∈ L(H) be compact and selfadjoint with eigensystem (λi, xi). Then K is
positive semi-definite if and only if λi > 0 for all i ∈ N.

(b) Let k ∈ C(G×G) be a Hermite kernel with induced integral operator K in L2(G).
If K is positive semi-definite, then k(s, s) ≥ 0 for all s ∈ G.

Proof:

(a) Let us assume that λn < 0 for some n ∈ N. Then it follows for a corresponding
eigenvector xn that ⟨Kxn, xn ⟩ = λn ∥xn∥2 < 0, which is a contradiction to the def-
inition of positive semi-definiteness. Since, due to the definition of an eigensystem,
all λi ̸= 0, this shows that λi > 0 for all i ∈ N.
If, on the other hand, all λi > 0, then Corollary 2.38 implies that

⟨Kx, x ⟩ =
∞∑

i=1

λi ⟨x, xi ⟩ ⟨xi, x ⟩ =
∞∑

i=1

λi| ⟨x, xi ⟩ |2 ≥ 0

for all x ∈ H. Thus, K is positive semi-definite.

(b) Since k is a Hermite kernel, k(s, s) ∈ R for all s ∈ G. Assume that k(s0, s0) < 0
for some s0 ∈ G. Then, due to the continuity of k,

Re k(s, t) ≤ k(s0, s0)
2 < 0 for all (s, t) ∈ Uδ , with

Uδ := {(s, t) ∈ G×G : ∥s− s0∥ < δ, ∥t− s0∥ < δ}

and δ > 0 sufficiently small. Let

x(t) :=
{

1 , ∥t− s0∥ < δ ,
0 , ∥t− s0∥ ≥ δ .

Then x is real valued. Since, due to the selfadjointness of K, also ⟨Kx, x ⟩ ∈ R,

⟨Kx, x ⟩ = Re ⟨Kx, x ⟩ =
∫

G

∫
G

Re k(s, t)x(t) dt x(s) ds

=
∫

Uδ

Re k(s, t) d(s, t) ≤ k(s0, s0)
2 |Uδ| < 0

holds, which is a contradiction to the positive semi-definiteness. Thus, k(s, s) ≥ 0
for all s ∈ G.
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Theorem 2.47 (Mercer). Let k ∈ C(G × G) be a Hermite kernel and assume that
the induced integral operator K : L2(G) → L2(G) is positive semi-definite. Moreover,
(λi, xi)i∈N is an eigensystem for the operator K. Then the equality in the representation
(2.59) holds for all s, t ∈ G and the convergence of the series is absolute and uniform.

Proof: Let us consider the kernel

rn(s, t) := k(s, t) −
n∑

i=1

λixi(s)xi(t) , s, t ∈ G , (2.64)

for all n ∈ N. Since eigenfunctions of an integral operator with continuous kernel are
continuous, the kernels rn are also continuous. Let Rn denote the induced integral
operators, then they are compact and selfadjoint.
Let λ ∈ σ(Rn) \ {0} with corresponding eigenvector x. Due to (2.50), it then holds that

λx = Rnx = Kx−
n∑

i=1

λi ⟨x, xi ⟩xi =
∞∑

i=n+1

λi ⟨x, xi ⟩xi .

Therefore, ⟨x, xj ⟩ = 1
λ

⟨λx, xj ⟩ = 0 for j ≤ n so that λx = Kx, i.e., λ ∈ σ(K)\{0} and
x is an eigenvector of K. Since x is orthogonal to x1, . . . , xn, x ∈ span{xn+1, xn+2, . . .}.
On the other hand, λjxj = Kxj = Rnxj for j > n so that λj ∈ σ(Rn) \ {0} and xj is
an eigenvector of Rn. Altogether this implies that (λi, xi)i>n is an eigensystem for Rn.
Lemma 2.46 (a) implies that Rn is positive semi-definite and Lemma 2.46 (b) implies
that

rn(s, s) ≥ 0 , s ∈ G .

Together with (2.64) we obtain that
n∑

i=1

λi|xi(s)|2 ≤ k(s, s) , s ∈ G , n ∈ N . (2.65)

Integrating this formula with respect to s and using that ∥xi∥ = 1 yields

0 <
n∑

i=1

λi ≤
∫

G

k(s, s) ds , n ∈ N .

Since all λi > 0, this together with (2.65) implies the convergence of the series
∑∞

i=1 λi

and
∑∞

i=1 λi|xi(s)|2 for all s ∈ G.
Let now ε > 0 and s, t ∈ G be arbitrary, but fixed. Then an n0(s) ∈ N exists such that

m∑
i=n+1

λi|xi(s)|2 ≤ ε for all m > n ≥ n0(s).
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Together with (2.65) we now obtain that(
m∑

i=n+1

λi|xi(s)xi(t)|
)2

≤

(
m∑

i=n+1

λi|xi(s)|2
)(

m∑
i=n+1

λi|xi(t)|2
)

≤ εk(t, t) ≤ ε ∥k∥∞ (2.66)

for all m > n ≥ n0(s). Since n0(s) does not depend on t, it follows from the Cauchy
criterion that the series k̃(s, t) :=

∑∞
i=1 λixi(s)xi(t) converges absolutely and uniformly

in t for all s ∈ G. But this implies that k̃ is continuous in t for all s.
Now Theorem 2.44 implies that∫

G

k̃(s, t)x(t) dt =
∞∑

i=1

λi ⟨x, xi ⟩xi(s) =
∫

G

k(s, t)x(t) dt

=⇒
∫

G

(k(s, t) − k̃(s, t))x(t) dt = 0

for all s ∈ G and all x ∈ L2(G). Choosing x(t) = xs(t) := k(s, t) − k̃(s, t) together with
the continuity of k yields that k(s, t) = k̃(s, t) for all s, t ∈ G.
Therefore, the sequence of continuous functions (

∑n
i=1 λi|xi(s)|2)n∈N converges mono-

tonically to the continuous function k(s, s). Hence, due to Dini’s theorem, the conver-
gence is uniform. But this implies that the Cauchy condition (2.66) holds uniformly also
with respect to s yielding the absolute and uniform convergence in (2.59) with respect
to (s, t).

Remark 2.48. One can see from the proof above that the results of the theorem of
Mercer are still valid if instead of the positive semi-definiteness of K one requires that
only finitely many eigenvalues are either negative or positive. In this form Mercer’s
theorem will be used in Chapter 5.
Using Mercer’s theorem, the fact that ∥xi∥ = 1, and elementwise integration in (2.59),
which is allowed due to the uniform convergence, yields

∞∑
i=1

λi =
∫

G

k(s, s) ds . (2.67)

This number is called trace of the integral operator. Under the conditions of Mercer’s
theorem the sequence of eigenvalues is not only in l2, but even in l1. This last property
characterizes the subclass of so-called nuclear or trace class operators.
For general L2-kernels the right-hand side in (2.67) makes no sense.

Remark 2.49. A class of integral operators having real eigenvalues are selfadjoint com-
pact operators according to Theorem 2.34. Another class are those with a positive
kernel, according to the following theorem due to Jentzsch:
Let k ∈ C([0, 1]2), k(s, t) > 0 for all s, t ∈ [0, 1], with induced integral operator K.
Then K has at least one positive eigenvalue. If λ is the largest positive eigenvalue, then
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N (λI − K) = span{x}, where x(s) > 0 for all s ∈ [0, 1]. Moreover |µ| < λ for all
µ ∈ σ(K) \ {λ}.

Remark 2.50. A simple constructive method to solve a Fredholm integral equation
(2.1), i.e., an equation (2.51), where K is the integral operator induced by an L2-kernel
k in L2(G), is the method of successive approximation:
Thereto, one rewrites (2.51) into the equivalent fixpoint form

x = 1
λ

(Kx+ f)

and performs an iteration according to

xn+1 := 1
λ

(Kxn + f) , n ∈ N , (2.68)

with x0 := 0. It is an immediate consequence of the fixpoint theorem due to Banach
that (xn) converges to a solution of (2.51) if

|λ| > ∥K∥ . (2.69)

Note that then the iteration operator x 7→ 1
λ
(Kx + f) satisfies a Lipschitz condition

with Lipschitz constant
∥∥ 1

λ
K
∥∥ < 1. (2.69) can only be satisfied for λ /∈ σ(K).

A simple calculation shows that xn defined by (2.68) is given by xn =
∑n−1

i=0 λ
−i−1Kif .

Thus, in case of (2.69), the solution x of (2.51) is given by the Neumann series

x =
∞∑

i=0

λ−i−1Kif . (2.70)

The operatorsKi are again integral operators with so-called iterated kernels ki satisfying
the recursion formula

ki(s, t) =
∫

G

k(s, τ)ki−1(τ, t) dτ , i ≥ 2 , (2.71)

with k1 = k. Assuming that (2.69) holds, (2.70) implies that the series

r

(
s, t,

1
λ

)
:=

∞∑
i=1

λ−iki(s, t) (2.72)

converges in the L2-sense.
Using (2.71), one can show that the convergence above is even absolute and uniform if
k is continuous and satisfies instead of (2.69) the stronger condition

|λ| > ∥k∥2 |G| ,

i.e., r(s, t, 1
λ
) is then continuous.

(2.70) implies that the solution x of (2.51) is given by

x(s) = 1
λ
f(s) + 1

λ

∫
G

r

(
s, t,

1
λ

)
f(t) dt , s ∈ G .
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Therefore, the function r is called resolvent kernel.
The series (2.70) does not only converge under condition (2.69) but also under the (in
the non-selfadjoint case) slightly weaker condition

|λ| > ρ(K) := sup{|µ| : µ ∈ σ(K)}

uniformly with respect to f on bounded sets, i.e., in the operator norm. ρ is called
spectral radius of K.

So far we have only dealt with compact integral operators. In practice also non-compact
operators appear. We present some examples and prove the non-compactness by showing
that the spectrum does not satisfy the properties of compact operators.

Example 2.51. Let X be a space of continuous functions on [0,+∞) containing the
functions

xα(s) := s

α2 + s2 +
√
π

2 e
−αs , s ≥ 0 ,

for all α > 0. Moreover, we assume that X is such that the operator T , defined by

Tx(s) :=
∫ ∞

0

√
2
π

sin(st)x(t) dt ∈ X , s > 0 , (2.73)

where the integral is an improper integral, and

Tx(0) := lim
s→0

(Tx)(s)

maps X into X.
One can show that∫ ∞

0
e−αt sin(st) dt = s

s2 + α2 and
∫ ∞

0

t sin(st)
α2 + t2

dt = π

2 e
−αs , α > 0 , s > 0 .

For the second integral one needs the residue theorem (exercise !). This implies that

Txα = xα , α > 0 .

Therefore, 1 is an eigenvalue of T with infinite multiplicity, since all xα are linearly
independent for α > 0. According to Theorem 2.33 (b), T cannot be compact.
If one replaces the infinte integration intervall in (2.73) by the finite interval [a, b],
0 ≤ a < b < ∞, the integral operator will be compact on C[a, b] or L2[a, b]. Thus, such
an exchange of the integration interval radically changes the properties of the operator.

Example 2.52. Let X be a space of functions on R containing all functions cos(αs) and
sin(αs) for α > 0 and where the operator T : X → X, defined by

(Tx)(s) :=
∫ +∞

−∞
e−|s−t|x(t) dt

makes sense. A straight forward calculation shows that∫ +∞

−∞
e−|s−t|eiαt dt = 2eiαs

1 + α2 , α > 0 , s ∈ R .
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Splitting into the real and imaginary part yields that for all α > 0 and s ∈ R∫ +∞

−∞
e−|s−t| cos(αt) dt = 2

1 + α2 cos(αs) ,∫ +∞

−∞
e−|s−t| sin(αt) dt = 2

1 + α2 sin(αs) .

Therefore, 2
1+α2 is an eigenvalue of T for all α > 0, i.e., the whole interval (0, 2) consists

of eigenvalues. Due to Theorem 2.33 (c), T cannot be compact. Again the operator
will be compact with a radically changed spectrum if the infinte integration interval is
replaced by a finite one.

Remark 2.53. There are many important examples of non-compact integral operators:

(a) Let k ∈ L1(R). The convolution operator (see Example 2.52)

(Tx)(s) :=
∫ +∞

−∞
k(s− t)x(t) dt

is well-defined on L2(R) (why ?). The spectrum is given by

{λ ∈ R : λ = k(µ) for some µ ∈ R} ,

which, in general, will be an uncountable set. If λ is such that k(µ) = λ for all
µ ∈ [a, b] for some a < b ∈ R, then the eigenspace to this eigenvalue λ is infinite-
dimensional.

(b) The strongly singular integral operator

(Tx)(s) :=
∫ +∞

−∞

x(t)
s− t

dt

can be well-defined on L2(R) using the Fourier transform. T is called Hilbert
transform. Its spectrum consists only of iπ and −iπ. Both values are eigenvalues
with infinite-dimensional eigenspaces. The finite Hilbert transform on L2[−1, 1] is
defined by

(Tx)(s) :=
∫ 1

−1

x(t)
s− t

dt .

Its spectrum is given by {iµ : µ ∈ [−π, π]}, i.e., it is also non-compact.
It follows from Definition 2.12 that in one dimension (N = 1) the kernel (s− t)−α

is weakly singular for α < 1 and, hence, the induced integral operator is compact.
This example shows that already in the limiting case α = 1 the compactness is
lost.
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3. Numerical solution of Fredholm equations

In this chapter, we discuss methods for the numerical solution of linear Fredholm integral
equations of the second kind, namely: approximation with degenerate kernels, projection
and collocation methods, and quadrature rule methods.
We consider the equation (2.1), i.e.,

λx(s) −
∫

G

k(s, t)x(t) dt = f(s) , s ∈ G ,

with λ ̸= 0 and G as in Chapter 2. The kernel k is either continuous, weakly singular or
quadratically integrable so that the induced integral operator K is compact on C(G)
or L2(G), respectively.

3.1. Degenerate kernel approximation

As an approximation problem for the above equation we consider equations

λxn(s) −
∫

G

kn(s, t)xn(t) dt = f(s) , s ∈ G , (3.1)

where the kernels kn are degenerate (see Definition 2.2), i.e.,

kn(s, t) =
n∑

i=1

φi(s)ψi(t) a.e.

The functions φi and ψi, in general, also depend on n. The kernels kn should be con-
structed in such a way that

lim
n→∞

∥K −Kn∥ = 0 , (3.2)

where Kn are the integral operators induced by kn and ∥·∥ is the operator norm. Note
that (3.2) can only be satisfied for compact operators K (see Theorem 2.8 and The-
orem 2.3). The convergence of the approximate solutions is based on the following
theorem:

Theorem 3.1. Let K and Kn be as above (considered as operators from C(G) or L2(G)
into iteself) such that (3.2) holds.

(a) If λ /∈ σ(K), then λI −Kn is continuously invertible for n ∈ N sufficiently large. If
x and xn are the unique solutions of (2.1) and (3.1), respectively, then

∥x− xn∥ ≤ ∥(λI −K)−1∥
1 − ∥(λI −K)−1∥ ∥K −Kn∥

∥Kx−Knx∥ . (3.3)

(b) Let λ /∈ σ(Kn) for some n ∈ N with

∥K −Kn∥ <
∥∥(λI −Kn)−1∥∥−1

.
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Then λ /∈ σ(K). If x and xn are the unique solutions of (2.1) and (3.1), respectively,
then

∥x− xn∥ ≤ ∥(λI −Kn)−1∥
1 − ∥(λI −Kn)−1∥ ∥K −Kn∥

∥Kxn −Knxn∥ . (3.4)

Proof: The proof immediately follows from the theorem on inverses of neighbouring
operators applied to λI −K and λI −Kn, respectively.

Remark 3.2. In the theorem above only condition (3.2) is important. The concrete form
of Kn or K is not essential. In contrast to (3.3), (3.4) is a computable error estimate,
since only the approximation xn and not the exact solution x is used.
It was already shown in Remark 2.4, how the solution xn of (3.1) can be calculated by
solving a linear system. Note that (2.5) is always uniquely solvable if λ /∈ σ(Kn) and if
the functions φ1, . . . , φn are linearly independent.

We now present some methods for constructing sequences of degenerate kernels so that
(3.2) holds.

Method 3.3 (Expansion by eigenfunctions). If k is a Hermite L2-kernel, then Theo-
rem 2.41 implies that

k(s, t) =
∞∑

i=1

λixi(s)xi(t)

in the L2-sense. Defining

kn(s, t) :=
n∑

i=1

λixi(s)xi(t) ,

we obtain that
∥K −Kn∥2

L(L2(G)) ≤
∞∑

i=n+1

λ2
i .

Since (λi) ∈ l2, (3.2) holds.
In this case the linear system (2.5) has the special form aij = λiδij. Therefore, the
approximate solution xn is given by

xn = 1
λ
f +

n∑
i=1

λi ⟨ f, xi ⟩
λ(λ− λi)

xi

if λ ̸= λi for i = 1, . . . , n. This is identical to the second formula of (2.52) applied to
Kn.

Method 3.4 (Expansion by orthonormal systems). Let k ∈ L2(G × G) and let (φi)
be an arbitrary complete orthonormal system in L2(G). Since k(·, t) ∈ L2(G) for almost
all t ∈ G, it holds that

k(s, t) =
∞∑

i=1

φi(s)ψi(t) a.e.
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with ψi(t) := ⟨ k(·, t), φi ⟩ =
∫

G
k(s, t)φi(s) ds, i.e.,

ψi = K∗φi . (3.5)

We now approximate k by degenerate kernels

kn(s, t) :=
n∑

i=1

φi(s)ψi(t) .

Due to (3.5) the coefficients of the matrix A in (2.6) are given by

aij = ⟨φi, K
∗φj ⟩ = ⟨Kφi, φj ⟩ .

Now
((K −Kn)x)(s) =

∫
G

∞∑
i=n+1

φi(s)ψi(t)x(t) dt =
∞∑

i=n+1

⟨x,K∗φi ⟩φi(s)

implies that

∥K −Kn∥2
L(L2(G)) ≤

∞∑
i=n+1

∥K∗φi∥2
2 . (3.6)

Since K∗ as integral operator with an L2-kernel is a Hilbert-Schmidt operator,∑∞
i=1 ∥K∗φi∥2

2 < ∞ (see Remark 2.42) so that the estimate on the right-hand side
of (3.6) goes to 0 with n → ∞, i.e., (3.2) holds.
Instead of expanding the kernel with respect to the variable s, one could look for
an expansion with respect to t or with respect to both variables using the complete
orthonormal system (φi(s)φj(t)) in L2(G×G). Obviously, Method 3.3 is a special case
of Method 3.4.

Method 3.5 (Taylor series approximation). We only deal with the one-dimensional
case G := [0, 1] and assume that the kernel k(s, t) only depends on the product s · t,
i.e., k(s, t) = r(s · t), where r has a Taylor series expansion in [0, 1] at 0, i.e.,

r(u) =
∞∑

i=0

αiu
i , u ∈ [0, 1] , αi = r(i)(0)

i! .

Defining

kn(s, t) :=
n∑

i=1

αi−1s
i−1ti−1

yields the following formulas for the coefficients in (2.6):

aij = αi−1

i+ j − 1 , f̄i = αi−1

∫ 1

0
si−1f(s) ds .

A straightforward calculation shows that (3.2) holds if
∞∑

i=1

|αi|2(2i+ 1)ε− 1
2 < ∞ for some ε > 0 .
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Method 3.6 (Approximation by interpolation). Again we only deal with the one-
dimensional case G := [0, 1] and assume that k ∈ C(G×G). We interpolate the kernel
with respect to s for all t, e.g., with linear splines. Using the uniform knots si = i

n
,

i ∈ {0, . . . , n} and defining the functions

li(s) :=


n(s− si−1) , s ∈ [si−1, si] ,
n(si+1 − s) , s ∈ [si, si+1] ,
0 , else ,

we approximate k by

kn(s, t) :=
n∑

i=0

k(si, t)li(s) , s, t ∈ [0, 1] .

This is equivalent to

kn(s, t) = n((si − s) k(si−1, t) + (s− si−1) k(si, t)) , s ∈ [si−1, si] , t ∈ [0, 1] .

The coefficients in (2.6) are given by

aij = (Kli)(sj) =
∫ min{1,si+1}

max{0,si−1}
k(sj, t)li(t) dt ,

f̄i = (Kf)(si) =
∫ 1

0
k(si, t)f(t) dt.

i, j ∈ {0, . . . , n}. If the kernel k is smooth enough, then (3.2) holds. For instance, if
k(., t) ∈ C2[0, 1], then

∥K −Kn∥L(C[0,1]) ≤ 1
8n2

∫ 1

0
max
s∈[0,1]

∣∣∣∣∂2k(s, t)
∂s2

∣∣∣∣ dt .
Remark 3.7. Since, under the conditions of Theorem 3.1, ∥(λI −Kn)−1∥ is uniformly
bounded, the convergence rate of ∥x− xn∥ is determined by ∥K −Kn∥ or, more pre-
cisely, by ∥Kxn −Knxn∥ and ∥Kx−Knx∥, respectively. To obtain a computable a-
posteriori error estimate one should not forget that estimate (3.4) not only contains
∥K −Kn∥, but also ∥(λI −Kn)−1∥. The last expression can be estimated as follows:
Let A be the matrix of (2.6) and let

(λI − A)−1 =: (bij)1≤i,j≤n .

Then (2.5) – (2.7) imply that

xn(s) = 1
λ

(
f(s) +

n∑
i,j=1

bij

∫
G

f(t)ψj(t) dt φi(s)
)
.

This together with xn = (λI −Kn)−1f implies that

∥∥(λI −Kn)−1f
∥∥

∞ ≤ 1
|λ|

∥f∥∞

(
1 + max

s∈G

∫
G

∣∣∣∣∣
n∑

i,j=1

bijψj(t)φi(s)

∣∣∣∣∣ dt
)
,
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i.e., setting Mn := max1≤i,j≤n |bij|,

∥∥(λI −Kn)−1∥∥
L(C(G)) ≤ 1

|λ|

(
1 +Mn max

s∈G

∫
G

n∑
i,j=1

|ψj(t)φi(s)| dt
)
.

In a similar way, one can derive an estimate for ∥(λI −Kn)−1∥L(L2(G)).

The major disadvantage of degenerate kernel methods is that the integrations needed
for the calculation of the coefficients in (2.6) can be quite costly. In Method 3.4 even
double integrals have to be calculated. One advantage of Method 3.6 is that the integrals
for the computation of aij only have to be evaluated over the support of the j-th basis
spline.
If k or f have a special form, quite often the indefinite integrals necessary for the
calculation of the coefficients aij and f̄i can be computed explicitly. Here computer
algebra methods are beneficial. In all other cases, the integrals have to be approximated
using quadrature rules leading to additional errors.

3.2. Projection methods

We start by formulating projection methods for the abstract version of (2.1), i.e., (see
(2.51))

λx−Kx = f ,

where K ∈ L(X) is compact on the Banach space X (usually X = C(G) or X = L2(G)),
f ∈ X, λ /∈ σ(K). For each n ∈ N let Xn be a finite-dimensional (in general, n-
dimensional) subspace of X, Pn : X → Xn a bounded linear projector. The n-th
approximation of this method is defined by the equation

λxn − PnKxn = Pnf, xn ∈ Xn. (3.7)

Note that for λ ̸= 0 each solution of λx − PnKx = Pnf is automatically in Xn. The
convergence analysis is again based on the theorem on inverses of neighbouring opera-
tors:

Theorem 3.8. Let K ∈ L(X) be compact, λ /∈ σ(K), Pn : X → Xn as above. If

∥PnK −K∥ <
∥∥(λI −K)−1∥∥−1

, (3.8)

then λ /∈ σ(PnK) and (3.7) has a unique solution. If x and xn are the solutions of (2.51)
and (3.7), respectively, then

∥x− xn∥ ≤ |λ|
∥∥(λI − PnK)−1∥∥ ∥x− Pnx∥ (3.9)

and ∥∥(λI − PnK)−1∥∥ ≤ ∥(λI −K)−1∥
1 − ∥(λI −K)−1∥ ∥PnK −K∥

. (3.10)
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If
lim

n→∞
Pnz = z for all z ∈ X , (3.11)

then (3.8) holds for all n ∈ N sufficiently large.

Proof: The last assertion follows from Lemma 2.9. There it was shown that for a
compact K (3.11) implies that

lim
n→∞

∥PnK −K∥ = 0 . (3.12)

The invertibility of (λI − PnK) and (3.10) follows from the theorem on inverses of
neighbouring operators applied to λI−K and λI−PnK. It is an immediate consequence
of (2.51) and (3.7) that

(λI − PnK)(x− xn) = Pn(λx−Kx) + λ(x− Pnx) − Pnf = λ(x− Pnx)

and, hence,
x− xn = λ(λI − PnK)−1(x− Pnx)

yielding (3.9).

Remark 3.9. Estimate (3.9) implies that the convergence rate of ∥x− xn∥ is determined
by ∥x− Pnx∥. If X is a Hilbert space and Pn the orthogonal projection, then the
convergence rate is optimal in the sense that no better rate can be obtained by an
approximation with elements from Xn, since then ∥x− Pnx∥ = infz∈Xn ∥x− z∥. As in
Theorem 3.1 one could interchange the roles of K and PnK in Theorem 3.8 to obtain
an assertion, where one conclude from the unique solvability of (3.7) for n sufficiently
large to the one of (2.51).

Method 3.10 (Galerkin method). In this special projection method X = L2(G) and
X1 ⊆ X2 ⊆ X3 ⊆ . . . is a sequence of finite-dimensional subspaces with⋃

n∈N

Xn = X . (3.13)

For each n ∈ N let Pn be the orthogonal projector onto Xn. The solution of (3.7) can
be calculated as follows:
Let {φ1, . . . , φn} be a basis of Xn. Then (3.7) is equivalent to Pn(λxn −Kxn − f) = 0
and xn ∈ Xn, i.e.,

λxn −Kxn − f ∈ X⊥
n , xn ∈ Xn ,

which is again equivalent to

⟨λxn −Kxn − f, φj ⟩ = 0 for j ∈ {1, . . . , n} , xn ∈ Xn . (3.14)

Since xn ∈ Xn has a representation

xn =
n∑

i=1

x̄iφi , (3.15)
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(3.14) implies that the coefficients x̄ := (x̄1, . . . , x̄n)⊤ can be computed as solution of
the linear system

(λBn −M⊤
n )x̄ = f̄n (3.16)

with
Bn := (⟨φi, φj ⟩)1≤i,j≤n , Mn := (⟨Kφi, φj ⟩)1≤i,j≤n ,

f̄n := (⟨ f, φ1 ⟩ , . . . , ⟨ f, φn ⟩)⊤ .

If (3.8) holds, equation (3.16) has a unique solution. Due to (3.13), Pnz → z for all z in
the dense subset

⋃
n∈NXn. Since ∥Pn∥ = 1 for all n ∈ N, the Banach-Steinhaus theorem

implies (3.11) and, hence, (3.12).
An essential disadvantage of the Galerkin method is that integrals have to be calculated
for the computation of the elements of the matrices Bn,Mn and the right-hand side f̄n.

Method 3.11 (Collocation). Here X = C(G). For n ∈ N let s1, . . . , sn be pairwise
different points in G and let φ1, . . . , φn ∈ X be such that the matrix

Bn := (φi(sj))1≤i,j≤n (3.17)

is regular. Moreover, let Xn := span{φ1, . . . , φn} and let Pn : X → Xn be the projector
defined as follows: Pnz is the element zn ∈ Xn with zn(si) = z(si) for all i ∈ {1, . . . , n}.
Note that, due to the regularity of Bn, zn is unique.
It follows from simple facts of interpolation theory that Pn is bounded. The norm of Pn

is given by

∥Pn∥ = max
s∈G

n∑
i=1

|li(s)| ,

where l1, . . . , ln ∈ Xn is the so-called cardinal basis, i.e., li(sj) = δij, i, j ∈ {1, . . . , n}.
Then the approximate solution xn according to (3.7) is again given by (3.15), where the
coefficients x̄ := (x̄1, . . . , x̄n)⊤ are determined as follows:

λxn(sj) − (Kxn)(sj) = f(sj) , j ∈ {1, . . . , n} .

This again yields equation (3.16), where Bn is as in (3.17) and

Mn := ((Kφi)(sj))1≤i,j≤n , f̄n := (f(s1), . . . , f(sn)⊤ .

Depending on the choice of the functions φi one speaks of polynomial or spline colloca-
tion. In polynomial collocation one very often uses the zeros of Tschebyscheff polyno-
mials as collocation points. Note that then condition (3.11) is not satisfied. However, it
is still possible that (3.12) holds (see [2]). The major problem in this method is again
the calculation of integrals. Here computer algebra methods might be helpful.
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3.3. Quadrature rule methods

Method 3.12 (Nyström method). We present this method only for the one-
dimensional case G := [0, 1], i.e., we consider

λx(s) −
∫ 1

0
k(s, t)x(t) dt = f(s) , s ∈ [0, 1] , (3.18)

where k, f , and x are continuous; the corresponding integral operator K is defined on
C[0, 1].
The first step of the Nyström method consists of approximating the integral operator
in (3.18) using a quadrature rule: let

Qnx :=
n∑

j=1

ωjx(tj) ≈
∫ 1

0
x(t) dt (3.19)

be a quadrature rule for x ∈ C[0, 1] with nodes t1, . . . , tn ∈ [0, 1] and weights ω1, . . . , ωn;
actually, the tj and ωj also depend on n. Moreover, we define

(Knx)(s) := Qn(k(s, ·)x) =
n∑

j=1

ωjk(s, tj)x(tj) (3.20)

for x ∈ C[0, 1] and s ∈ [0, 1]. Then we look for a solution of the equation

λxn −Knxn = f . (3.21)

The full discretization step consists in choosing s = ti, i ∈ {1, . . . , n}, in (3.21), i.e.,

λxn(ti) −
n∑

j=1

ωjk(ti, tj)xn(tj) = f(ti) , i ∈ {1, . . . , n} . (3.22)

Setting the vector x̄n = (x̄n,1, . . . , x̄n,n) := (xn(t1), . . . , xn(tn)) and defining

Mn := ωjk(ti, tj)1≤i,j≤n , f̄n := (f(t1), . . . , f(tn))⊤ ,

(3.22) is equivalent to the linear system

λx̄n −Mnx̄n = f̄n . (3.23)

Defining

xn(s) := 1
λ

(
f(s) +

n∑
j=1

ωjk(s, tj)x̄n,j

)
, s ∈ [0, 1] ,

a straightforward calculation shows that xn really solves (3.21).
The importance of this fact is that one gets the solution xn of the infinite-dimensional
problem (3.21) by solving the finite-dimensional problem (3.23).

Formally, (3.21) has the same form as the abstract version of (3.1) so that one might
think that Theorem 3.1 is applicable. Unfortunately, this is not the case, since (3.2) does
not hold anymore. This gave the impulse for studying collectively compact operators
(see [1]) that allow convergence results, even when the approximation operators do not
converge in norm.
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Definition 3.13. Let X be a Banach space and let K be a set of linear operators from
X into iteself. K is called collectively compact if for any bounded set B ⊆ X the set
K(B) :=

⋃
K∈K K(B) is compact.

Since every operator of a collectively compact set is compact, it is also bounded. As in
the proof of Theorem 2.8 (b) one can see that for a collectively compact set K it even
holds that

sup
K∈K

∥K∥ < ∞ .

The following convergence concept will be important:

Definition 3.14. Let (Kn) be a sequence of linear operators and let K be a linear
operator on X. (Kn) converges collectively compact to K, denoted by Kn

cc−→ K,
if (Kn) converges pointwise to K and {Kn : n ∈ N} is collectively compact.

This convergence concept has the following important properties in common with norm
convergence that do not hold for simple pointwise convergence:

Lemma 3.15. If Kn
cc−→ K, then K is compact.

Proof: Let B ⊆ X be bounded. Since Kx = limn→∞ Knx for all x ∈ B, it follows that
K(B) ⊆

⋃
n∈NKn(B). This together with the collective compactness of {Kn : n ∈ N}

yields the compactness of K.

The following assertion serves, in a way, as a substitute for (3.2):

Lemma 3.16. If Kn
cc−→ K, then

lim
n→∞

∥(K −Kn)K∥ = 0 and lim
n→∞

∥(K −Kn)Kn∥ = 0 . (3.24)

Proof: Since Kn → K pointwise, Lemma 2.9 implies uniform convergence on the com-
pact sets K(U) and

⋃
n∈NKn(U), where U is the unit ball in X. This implies that

(K −Kn)K and (K −Kn)Kn converge uniformly to 0 on U which yields (3.24).

We also need a version of the theorem on inverses of neighbouring operators based on
(3.24) instead of (3.2):
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Lemma 3.17. Let A be compact, T ∈ L(X), λ ̸= 0, and λ /∈ σ(T ). Moreover, assume
that

q :=
∥∥(λI − T )−1(A− T )A

∥∥ < |λ| (3.25)

holds. Then λ /∈ σ(A) and the following estimates hold:

∥∥(λI − A)−1∥∥ ≤ 1 + ∥(λI − T )−1∥ ∥A∥
|λ| − q

, (3.26)

∥∥(λI − A)−1x− (λI − T )−1x
∥∥

≤ ∥(λI − T )−1∥ · ∥Ax− Tx∥ + q ∥(λI − T )−1x∥
|λ| − q

. (3.27)

Proof: Let B := (λI − T )−1(A − T )A. Since, according to (3.25), q = ∥B∥ < |λ|,
(λI −B) is continuously invertible. Noting that

(λI −B) = λI − (λI − T )−1(A− T )A
= (λI − T )−1(λ(λI − T ) − (A− T )A)
= (λI − T )−1(λI − T + A)(λI − A) ,

we obtain that N (λI − A) ⊆ N (λI − B) = {0}. Since A is compact, Theorem 2.19
implies that λ /∈ σ(A).
Multiplying the equation above with (λI−B)−1 from the left and with (λI−A)−1 from
the right, yields (λI − A)−1 = (λI −B)−1(λI − T )−1((λI − T ) + A), i.e.,

(λI − A)−1 = (λI −B)−1(I + (λI − T )−1A) . (3.28)

Since ∥B∥ = q < |λ|, an expansion into a Neumann series implies that∥∥(λI −B)−1∥∥ ≤ 1
|λ| − q

, (3.29)

which together with (3.28) implies (3.26).
(3.28) also implies that

(λI − A)−1 − (λI − T )−1

= (λI −B)−1(I + (λI − T )−1A− (λI −B)(λI − T )−1)
= (λI −B)−1(I + (λI − T )−1A− λ(λI − T )−1 +B(λI − T )−1)
= (λI −B)−1((λI − T )−1(λI − T + A− λI) +B(λI − T )−1)
= (λI −B)−1((λI − T )−1(A− T ) +B(λI − T )−1)

so that∥∥(λI − A)−1x− (λI − T )−1x
∥∥

≤
∥∥(λI −B)−1∥∥ (

∥∥(λI − T )−1∥∥ ∥Ax− Tx∥ + ∥B∥
∥∥(λI − T )−1x

∥∥)
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for all x ∈ X. Together with (3.25) and (3.29) this implies estimate (3.27).

This lemma may be used to obatin a convergence result for the Nyström method:

Theorem 3.18. Let X be a Banach space, let K : X → X be compact, λ ̸= 0,
λ /∈ σ(K), and f ∈ X. Moreover, let (Kn) be a sequence of linear operators with
Kn

cc−→ K and define

qn :=
∥∥(λI −K)−1(K −Kn)Kn

∥∥ , n ∈ N . (3.30)

Then it holds that
lim

n→∞
qn = 0 . (3.31)

If n ∈ N is such that qn < |λ|, then λ /∈ σ(Kn) and

∥∥(λI −Kn)−1∥∥ ≤ 1 + ∥(λI −K)−1∥ ∥Kn∥
|λ| − qn

.

Let x and xn denote the unique solutions of λx−Kx = f and λxn −Knxn = f . Then

∥xn − x∥ ≤ ∥(λI −K)−1∥ ∥Knf −Kf∥ + qn ∥x∥
|λ| − qn

, (3.32)

especially (xn) converges to x.

Proof: Assertion (3.31) immediately follows from Lemma 3.16. The rest follows from
Lemma 3.17 with A := Kn and T := K.

Theorem 3.19. Let X := C[0, 1] and let K be the integral operator of (3.18). Moreover,
let Qn be a quadrature rule (3.19) for all n ∈ N so that

lim
n→∞

Qnx =
∫ 1

0
x(t) dt for all x ∈ C[0, 1] (3.33)

holds. Using these Qn, Kn is defined by (3.20). Then

Kn
cc−→ K .

Proof: It follows from (3.33) and the Banach-Steinhaus theorem that

sup
n∈N

∥Qn∥ < ∞ .

Since ∥Knx∥∞ ≤ ∥Qn∥ ∥k∥∞ ∥x∥∞ for all x ∈ C[0, 1], this yields that for any bounded
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set B the set
⋃

n∈NKn(B) is bounded. But this set is also equicontinuous, since

|(Knx)(s) − (Knx)(σ)| =

∣∣∣∣∣
n∑

j=1

ωj(k(s, tj) − k(σ, tj))x(tj)

∣∣∣∣∣
≤ ∥Qn∥ sup

t∈[0,1]
|k(s, t) − k(σ, t)| ∥x∥∞

for all x ∈ B, s, σ ∈ [0, 1], and n ∈ N, and since k is uniformly continuous. Therefore,
due to the theorem of Arzela-Ascoli

⋃
n∈NKn(B) is compact for any bounded set B.

Thus, {Kn : n ∈ N} is collectively compact.
It remains to be shown that (Kn) converges pointwise to K, i.e.,

∥Knx−Kx∥∞ → 0 for all x ∈ C[0, 1] .

Let x ∈ C[0, 1] and Vx := {k(s, ·)x : s ∈ [0, 1]} ⊆ C[0, 1]. Due to the Arzela-Ascoli
theorem, the set Vx is compact. Now Lemma 2.9 applied to

Y := R , Tn := Qn , Tx :=
∫ 1

0
x(t) dt , and A := Vx ,

together with condition (3.33) implies that

∥Knx−Kx∥∞ = sup
s∈[0,1]

∣∣∣∣Qn(k(s, ·)x) −
∫ 1

0
k(s, t)x(t) dt

∣∣∣∣ → 0 , (3.34)

i.e., (Kn) converges pointwise to K.

Combining both theorems above we obtain a result for the Nyström method:

Corollary 3.20. Let the conditions of Theorem 3.19 hold and let λ ̸= 0, λ /∈ σ(K).
Then it holds: The approximation xn obtained by method 3.12 is uniquely determined for
n sufficiently large. Moreover, (xn) converges uniformly to the unique solution of (3.18)
and satisfies the error estimate (3.32) with qn as in (3.30) and Kn as in (3.20).

Proof: Since xn solves (3.21), Theorem 3.19 implies that Theorem 3.18 is applicable.
This yields the assertion.

Remark 3.21. This corollary says that the Nyström method converges if λ /∈ σ(K)
and if the quadrature rule is convergent, i.e., if (3.33) holds. But this is equivalent to
pointwise convergence of Qn holding for polynomials and that

sup
n∈N

n∑
j=1

|ω(n)
j | < ∞ .

If the quadrature rules are based on polynomial interpolation, the second condition is
automatically satisfied if all weights are non-negative. This is definitely the case for
Gaussian quadrature rules.
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As one can see from (3.32), the error estimate depends on error estimates for quadrature
rules and, hence, on the smoothness of x and k. These error estimates depending on x
and k show up in the expression ∥Knx−Kx∥ (see (3.34)) and also in ∥(Kn −K)Kn∥
and, hence, in qn.

Remark 3.22. The major advantage of the Nyström method is that no integrals have to
be evaluated for the calculation of the coefficients of the linear system (3.23). However,
very often one needs a higher dimension to obtain the same quality of approximation
compared to, e.g., the Galerkin method. To avoid too large systems, one usually uses
iterative methods for the solution of (3.21) as follows: since

λxn −Kmxn = (λxn −Knxn) + (Kn −Km)xn

= f + 1
λ

(Kn −Km)(f +Knxn)

for all m < n, this suggests the following iteration method, assuming an initial guess
x

(0)
n :

(λI −Km)x(k+1)
n = f + 1

λ
(Kn −Km)(f +Knx

(k)
n )

For m ≪ n this procedure has the advantage that a much smaller system has to be
solved. Under certain conditions one can prove that x(k)

n → xn as k → ∞. For details
see [2].
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4. Volterra equations

We consider linear Volterra equations of the second kind, i.e.,

λx(s) −
∫ s

0
k(s, t)x(t) dt = f(s) , s ∈ [0, s0] . (4.1)

This corresponds to an equation (2.51), i.e., λx−Kx = f , where K is a Volterra integral
operator, defined by

(Kx)(s) :=
∫ s

0
k(s, t)x(t) dt (4.2)

with given L2-kernel k on L2([0, s0]2). A kernel k with the property

k(s, t) = 0 for t > s

is called Volterra kernel.

4.1. Solvability

Obviously (4.1) is a special case of a Fredholm equation of the second kind so that all
results from Chapter 2 are applicable. It turns out, however, that a Volterra integral
operator has no eigenvalues different from 0 so that the Neumann series (2.70) converges
for all λ ̸= 0. The same is true for the series (2.72) of the resolvent kernel.

Theorem 4.1. Let k ∈ L2([0, s0]2) be a Volterra kernel, K the corresponding Volterra
integral operator on L2[0, s0], defined as in (4.2). Then σ(K) = {0}.

Proof: Due to Theorem 2.33, 0 ∈ σ(K). For all s, t ∈ [0, s0] we define

A(s) :=
(∫ s

0
|k(s, t)|2 dt

) 1
2

, B(t) :=
(∫ s0

t

|k(s, t)|2 ds
) 1

2

, D(s) :=
∫ s

0
A(u)2 du .

Since k ∈ L2([0, s0]2), A,B ∈ L2[0, s0]. Therefore, a C > 0 exists with

D(s0) =
∫ s0

0
A(s)2 ds ≤ C ,

∫ s0

0
B(t)2 dt ≤ C . (4.3)

Let kn, n ∈ N, be the kernel of the integral operator Kn. Then, due to (2.71), the
following recursion formula holds: k1 = k and

ki(s, t) =


∫ s

t

k(s, τ)ki−1(τ, t) dτ , t ≤ s ,

0 , t > s ,

i ≥ 2 , s ∈ [0, s0] . (4.4)

We show by induction that

|ki(s, t)|2 ≤ A(s)2B(t)2 (D(s) −D(t))i−2

(i− 2)! , t ≤ s , i ≥ 2 . (4.5)
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If i = 2 and t ≤ s, then

|k2(s, t)|2 ≤
(∫ s

t

|k(s, τ)||k(τ, t)| dτ
)2

≤
∫ s

0
|k(s, τ)|2 dτ

∫ s0

t

|k(τ, t)|2 dτ = A(s)2B(t)2 ,

i.e., (4.5) holds for i = 2. Let now (4.5) hold for some i ≥ 2. Then (4.4) implies that

|ki+1(s, t)|2 ≤
∫ s

0
|k(s, τ)|2 dτ

∫ s

t

|ki(τ, t)|2 dτ

≤ A(s)2
∫ s

t

A(τ)2B(t)2 (D(τ) −D(t))i−2

(i− 2)! dτ . (4.6)

for t ≤ s. Since A2 ∈ L1[0, s0], D is absolutely continuous and D′(s) = A(s)2 a.e. Thus,
one can use the substitution rule with the variable u := D(τ) −D(t) to obtain∫ s

t

A(τ)2 (D(τ) −D(t))i−2

(i− 2)! dτ = ui−1

(i− 1)!

∣∣∣D(s)−D(t)

0
= (D(s) −D(t))i−1

(i− 1)! .

This together with (4.6) shows that (4.5) holds for i+ 1.
Since D is monotonically increasing (4.5) and (4.3) imply that

∥∥Kix
∥∥2

2 =
∫ s0

0

(∫ s

0
ki(s, t)x(t) dt

)2

ds ≤ ∥x∥2
2

∫ s0

0

∫ s

0
|ki(s, t)|2 dtds

≤ ∥x∥2
2

∫ s0

0

∫ s

0
A(s)2B(t)2 (D(s) −D(t))i−2

(i− 2)! dtds

≤ D(s0)i−2

(i− 2)! ∥x∥2
2

∫ s0

0
A(s)2 ds

∫ s0

0
B(t)2 dt ≤ Ci

(i− 2)! ∥x∥2
2 .

for all x ∈ L2[0, s0] and i ≥ 2 and some C > 0. Thus,

0 ≤ lim
i→∞

i
√

∥Ki∥ ≤ lim
i→∞

√
C

2i
√

(i− 2)!
= 0 . (4.7)

Assume that λ ∈ σ(K) exists with λ ̸= 0. Then, due to Theorem 2.33 (b), λ is an
eigenvalue, i.e., x ̸= 0 exists with λx = Kx and, hence, λix = Kix for all i ∈ N. This
implies that

|λi| ∥x∥ =
∥∥Kix

∥∥ ≤
∥∥Ki

∥∥ ∥x∥ =⇒ |λ| ≤ i
√

∥Ki∥ .

Together with (4.7) this yields that λ = 0, which is a contradiction to the assumption.
Thus, σ(K) = {0}.

Theorem 4.1 together with Theorem 2.19 implies that the Volterra equation (4.1) with
L2-kernel k has a unique solution in L2[0, s0] for all λ ̸= 0 and for all f ∈ L2[0, s0]. The
same is true for the adjoint equation with respect to L2[0, s0] given by (see Theorem
2.25 (a))

λx(s) −
∫ s0

s

k(t, s)x(t) dt = f(s) , s ∈ [0, s0] .
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If one allows solutions of (4.1) that are not in L2[0, s0], then (4.1) is not necessarily
uniquely solvable anymore. Thus, the assertion of Theorem 4.1 clearly depends on the
spaces.

Example 4.2. Let
k(s, t) :=

{
ts−t , 0 < t ≤ s ≤ 1 ,
0 , else . (4.8)

k is bounded and, hence, a Volterra kernel in L2([0, 1]2). Let

x0(s) :=
{
ss−1 , s ∈ (0, 1] ,
0 , s = 0 .

Then ∫ s

0
k(s, t)x0(t) dt =

∫ s

0
ts−ttt−1 dt =

∫ s

0
ts−1 dt = ss−1 = x0(s) .

Thus, equation
x(s) −

∫ s

0
k(s, t)x(t) dt = 0 , s ∈ [0, 1] ,

has the non-trivial solution x0. Therefore, 1 is an eigenvalue of this Volterra integral
operator if it is considered in a space containg x0. Due to Theorem 4.1, x0 cannot be an
element of L2[0, 1], which can be easily shown directly. Equation (4.1) with λ = 1 and
k as in (4.8) has a unique solution x1 ∈ L2[0, 1], but infinitly many solutions x1 + αx0,
α ∈ R, that are not in L2[0, 1].

Under a simple condition, Volterra equations of the first kind may be reduced to equa-
tions of the second kind:

Theorem 4.3. Let k ∈ C([0, s0]2) and assume that k is continuously differentiable with
respect to the first variable. Moreover, let f ∈ C1[0, s0] with f(0) = 0 and assume that

k(s, s) ̸= 0 for all s ∈ [0, s0] .

Then x ∈ C[0, s0] solves∫ s

0
k(s, t)x(t) dt = f(s) , s ∈ [0, s0] , (4.9)

if and only if x solves

x(s) + 1
k(s, s)

∫ s

0

∂k

∂s
(s, t)x(t) dt = f ′(s)

k(s, s) , s ∈ [0, s0] . (4.10)

Proof: By differentiation it follows from (4.9) that

k(s, s)x(s) +
∫ s

0

∂k

∂s
(s, t)x(t) dt = f ′(s) ,
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i.e., (4.9) implies (4.10). Conversely, since

k(s, s)x(s) +
∫ s

0

∂k

∂s
(s, t)x(t) dt = d

ds

(∫ s

0
k(s, t)x(t) dt

)
,

(4.10) and integration yields∫ s

0
k(s, t)x(t) dt =

∫ s

0
f ′(t) dt = f(s) − f(0) = f(s) ,

i.e., (4.10) implies (4.9).

Remark 4.4. This means that under the conditions of Theorem 4.3 one can conclude
that an equation of the first kind (4.9) is uniquely solvable for every f ∈ C1[0, s0] with
f(0) = 0, since (4.10) as a Volterra equation of the second kind has a unique solution
x ∈ L2[0, s0]. Since

x(s) = f ′(s)
k(s, s) − 1

k(s, s)

∫ s

0

∂k

∂s
(s, t)x(t) dt

and since the right-hand side is continuous, which can be seen analogously to the proof
of Theorem 2.1, x is even continuous.
The range of the integral operator in (4.9) is infinite-dimensional, the nullspace in
C[0, s0] equals {0}. Therefore, Theorem 2.17 implies that the range of the operator in
(4.9) is not closed in C[0, s0]. Thus, continuous functions f must exist, where (4.9) is
not solvable in C[0, s0]. Analogously one can see that f ∈ L2[0, s0] must exist so that
(4.9) has no solution in L2[0, s0].
In case of unique solvability, solutions of equations of the second kind depend con-
tinuously on the right-hand side. This does not hold for solutions of equations of the
first kind, i.e., they are ill-posed. Note that the reduction of an equation (4.9) to an
equation (4.10) is no remedy for this fact, since the transition from f to f ′ on the right-
hand side is discontinuous in C[0, s0]. However, it means that, under the conditions of
Theorem 4.3, problem (4.9) is as ill-posed as differentiation.
Theorem 4.3 is not applicable if k(s, s) = 0 for some s as, e.g., in the Volterra equation
(1.5) in Example 1.1. If, however, k(s, s) = 0 for all s ∈ [0, s0], then one can show by
an additional differentiation, assuming that f ′(0) = 0, that (4.9) is equivalent to the
equation of the second kind,

x(s) + 1
∂k
∂s

(s, s)

∫ s

0

∂2k

∂s2 (s, t)x(t) dt = 1
∂k
∂s

(s, s)
f ′′(s) , s ∈ [0, s0] .

Obviously, ∂2k
∂s2 has to be continuous and ∂k

∂s
(s, s) ̸= 0 for all s ∈ [0, s0]. The discontinuous

dependence of the solution of (4.9) on f then consists in the transition of f to f ′′, which
is stronger than for the transition to (4.10). One can see that a degree of ill-posedness
of Volterra equations of the first kind in some special cases is possible by the number of
how often one has to differentiate the right-hand side to end up in an equation of the
second kind.
If k(0, 0) = 0, but k(s, s) ̸= 0 for s > 0, then a transition of (4.9) to an equation of the
second kind is never possible in the interval [0, s0] with s0 > 0.
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A special (weakly singular) Volterra integral equation of the first kind is Abel’s integral
equation (1.12) or its generalization∫ s

0

g(s, t)
(s− t)α

x(t) dt = f(s) , s ∈ [0, s0] , (4.11)

with continuous g, g(s, s) ̸= 0, and α ∈ (0, 1). An explicit solution formula can be
given for this equation that is based on the following transition of equation (4.11) to
an equivalent equation with continuous kernel.

Theorem 4.5. Let g ∈ C([0, s0]2), α ∈ (0, 1), f, x ∈ C[0, s0]. Then x is a solution of
(4.11) if and only if ∫ τ

0
k(τ, t)x(t) dt = f̃(τ) , τ ∈ [0, s0] , (4.12)

with
k(τ, t) :=

∫ 1

0

g(t+ r(τ − t), t)
(1 − r)1−αrα

dr , τ, t ∈ [0, s0] , (4.13)

and
f̃(τ) :=

∫ τ

0

f(t)
(τ − t)1−α

dt τ ∈ [0, s0] . (4.14)

Proof: Note that the improper integrals in (4.13) and (4.14) exist and are continuous
functions. Let x be a solution of (4.11). Then multiplication by (τ−s)α−1 and integration
with respect to s from 0 to τ , τ ∈ [0, s0], yields:

f̃(τ) =
∫ τ

0

f(s)
(τ − s)1−α

ds =
∫ τ

0

1
(τ − s)1−α

∫ s

0

g(s, t)
(s− t)α

x(t) dtds

=
∫ τ

0

∫ τ

t

g(s, t)x(t)
(τ − s)1−α(s− t)α

dsdt =
∫ τ

0
k(τ, t)x(t) dt ,

i.e., (4.12) holds. The last identity follows from∫ τ

t

g(s, t)
(τ − s)1−α(s− t)α

ds =
∫ 1

0

g(t+ r(τ − t), t)
((1 − r)(τ − t))1−α(r(τ − t))α

(τ − t) dr = k(τ, t) .

Conversely, let x be a solution of (4.12), i.e.,

0 =
∫ τ

0

∫ 1

0

g(t+ r(τ − t), t)
(1 − r)1−αrα

dr x(t) dt−
∫ τ

0

f(t)
(τ − t)1−α

dt

=
∫ τ

0

∫ τ

t

g(s, t)
(τ − s)1−α(s− t)α

x(t) dsdt−
∫ τ

0

f(s)
(τ − s)1−α

ds

=
∫ τ

0

∫ s

0

g(s, t)
(τ − s)1−α(s− t)α

x(t) dtds−
∫ τ

0

f(s)
(τ − s)1−α

ds

=
∫ τ

0
(τ − s)α−1h(s)ds with h(s) :=

∫ s

0

g(s, t)
(s− t)α

x(t) dt− f(s)
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for all τ ∈ [0, s0]. Multiplication by (σ − τ)−α and integration with respect to τ from 0
to σ, σ ∈ [0, s0], implies that

0 =
∫ σ

0

∫ τ

0

h(s)
(σ − τ)α(τ − s)1−α

dsdτ =
∫ σ

0

∫ σ

s

h(s)
(σ − τ)α(τ − s)1−α

dτds

=
∫ σ

0
h(s) ds

∫ 1

0

dr

rα(1 − r)1−α
.

Thus,
∫ σ

0 h(s)ds = 0 for all σ ∈ [0, s0]. Therefore, h ≡ 0, since h is continuous. From
the definition of h we finally conclude that x is a solution of (4.11).

Remark 4.6. After transforming (4.11) to a Volterra integral equation of the first kind
with continuous kernel one can reduce it to an equivalent integral equation of the second
kind if g(s, s) ̸= 0 for all s ∈ [0, s0], g continuously differentiable with respect to the first
variable, and if f̃ ∈ C1[0, s0]. Note that then also k(t, t) ̸= 0 for all t ∈ [0, s0] and that
k is continuously differentiable with respect to the first variable. According to Theorem
4.3, (4.12) can be reduced to

x(τ) + 1
k(τ, τ)

∫ τ

0

∂k

∂τ
(τ, t)x(t) dt = f̃ ′(τ)

k(τ, τ) , τ ∈ [0, s0] .

Example 4.7. Using Theorem 4.5, equation (4.11) can be solved explicitly if g ≡ 1.
Since ∫ 1

0
rβ(1 − r)γ dr = Γ(β + 1)Γ(γ + 1)

Γ(β + γ + 2) , β , γ > −1 ,

and since
Γ(t)Γ(1 − t) = π

sin(πt) , t ∈ (0, 1) ,

we obtain in this case that

k(τ, t) =
∫ 1

0
r−α(1 − r)α−1 dr = Γ(1 − α)Γ(α)

Γ(1) = π

sin(πα)
so that (4.12) has the form∫ τ

0
x(t) dt = sin(πα)

π

∫ τ

0

f(t)
(τ − t)1−α

dt , τ ∈ [0, s0] .

Differentiation on both sides yields the solution formula

x(s) = sin(πα)
π

d

ds

∫ s

0

f(t)
(s− t)1−α

dt , s ∈ [0, s0] ,

holding for all f , where the right-hand side makes sense. If f ∈ C1[0, s0], a further
transformation is possible:

d

ds

∫ s

0

f(t)
(s− t)1−α

dt = d

ds

∫ 1

0
sα f(rs)

(1 − r)1−α
dr

= αsα−1
∫ 1

0

f(rs)
(1 − r)1−α

dr + sα

∫ 1

0

f ′(rs)r
(1 − r)1−α

dr

= αs−1
∫ s

0

f(t)
(s− t)1−α

dt+ s−1
∫ s

0

tf ′(t)
(s− t)1−α

dt .
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Thus,
x(s) = sin(πα)

πs

∫ s

0

αf(t) + tf ′(t)
(s− t)1−α

dt , s ∈ (0, s0] .

As a special case, we get as solution of Abel’s integral equation (1.12) (see Example 1.5)

x(s) =
√

2g
πs

∫ s

0

f(t)
2 + tf ′(t)
√
s− t

dt , s ∈ (0, s0] , (4.15)

where we assume that f(0) = 0 and that f ∈ C1[0, s0]. The uniqueness of this solution
follows from the already mentioned connection with a Volterra integral equation of the
second kind.

From formula (4.15) one might guess the ill-posedness of (1.12): the right-hand side
has to be differentiated. The discontinuous dependence on f is then weakend by the
integration, however, due to the singularity (s− t)− 1

2 not strong enough. One can show
that solving (1.12) is half as ill-posed as differentiation.

Remark 4.8. An analytic method for the solution of Volterra equations with a difference
kernel is based on the Laplace transform. We only discuss basics and do not deal with
problems of the domain of the Laplace transform and present no proofs: we consider

λx(s) −
∫ s

0
k(s− t)x(t) dt = f(s) , s ∈ [0, s0] , (4.16)

with continuous k, f , and λ ̸= 0. The Laplace convolution of g, h : R+
0 → R is defined

by
(g ∗ h)(s) :=

∫ s

0
g(s− t)h(t) dt , s ∈ R+

0 .

An important property of the Laplace transform, defined in Example 1.3, is that

L(g ∗ h) = (Lg)(Lh) .

Since (4.16) is equivalent to

λx(s) − (k ∗ x)(s) = f(s) , s ∈ [0, s0] ,

we obtain that

λLx− (Lk)(Lx) = (Lf) =⇒ Lx = Lf

λ− Lk
,

holding for those arguments where Lk ̸= λ. Therefore, Lx can be explicitly calculated.
It is not a good idea to numerically compute x from its Laplace transform, since this
is a very ill-posed problem. This method is only appropriate if Lx is a function that
appears in tables on Laplace transforms or if the application of the inversion formula

x(s) = 1
2πi

∫ +∞

−∞
es(α+iβ)(Lx)(α + iβ) dβ

makes sense. Here, α is larger than the real parts of all singularities.
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4.2. Numerical solution

Volterra integral equations contain as a special case initial value problems for ordinary
differential equations (see Example 1.1). It is, therefore, obvious to try to transfer
numerical methods for the solution of initial value problems to the solution of Volterra
integral equations. We only treat one example of a Runge-Kutta method.

Example 4.9. We consider the nonlinear Volterra integral equation

x(s) −
∫ s

0
k(s, t, x(t)) dt = f(s) , s ≥ 0 , (4.17)

with a continuous kernel k and continuous f . Obviously, (4.17) also contains the linear
case.
An explicit Runge-Kutta method for the solution of the initial value problem

x′(s) = k(s, x(s)) , s ≥ 0 , x(0) = a , (4.18)

or equivalently
x(s) −

∫ s

0
k(t, x(t)) dt = a , s ≥ 0 , (4.19)

has the form
xj+1 := xj + h

m∑
i=1

γiφi(sj, xj) , j ∈ N ,

where h is the step size, xj is an approximation of x(sj) with sj := jh, j ∈ N, x0 := a,
m ≥ 2, and

φi(s, x) := k

(
s+ αih, x+ h

i−1∑
j=1

βijφj(s, x)
)
, i = 1, . . . ,m .

Here, α1 := 0 and all other parameters, collected in the so-called Runge-Kutta scheme

α2 β21
... ... . . .
αm βm1 · · · βm,m−1

γ1 · · · γm−1 γm

have to be determined in such a way that a prescribed order of consistency p is obtained,
i.e.,

|τh(s)| = O(hp) with h → 0

for all s, where τh is the local discretization error

τh := x(s+ h) − x(s)
h

−
m∑

i=1

γiφi(s, x(s))

and x is the exact solution of (4.18). Equations for the coefficients are obtained via a
Taylor series expansion of τh in h and a comparison of coefficients so that all terms for
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a power less than p vanish. Of course, it is the aim to make p as large as possible for a
given m.
For the special case m = 4, one can show that the best order is p = 4. It is obtained
with the standard fourth-order scheme:

1
2

1
2

1
2 0 1

2
1 0 0 1

1
6

1
3

1
3

1
3

(4.20)

or with the Kuntzmann scheme:
2
5

2
5

3
5 − 3

20
3
4

1 19
44 −15

44
40
44

55
360

125
360

125
360

55
360

These ideas that lead to a solution of the special Volterra equation (4.19) can be trans-
ferred to the general situation (4.17): an essential difference then is that the kernel also
depends on s. An m step Runge-Kutta like fomula looks as follows: let h be the step
size, sj = tj := jh, j ∈ N0, and x̃ denotes the approximate solution, computed as
follows:

x̃(sj + αnh) := φj(sj + αnh) + h
n−1∑
i=0

βnik(sj + αnh, tj + αih, x̃(tj + αih)) , (4.21)

where 0 = α0 < α1 < α2 < . . . < αm = 1, j ∈ N0, n = 1, . . . ,m, and

φj(s) := f(s) + h

j−1∑
l=0

m∑
i=0

γik(s, tl + αih, x̃(tl + αih)) . (4.22)

Thus, x̃(sj+1) = x̃(sj + αmh). The following initial settings are used:

x̃(0) = f(0) , φ0(s) = f(s) .

This procedure may be motivated as follows: if s ∈ [sj, sj+1], then (4.17) implies that

x(s) = f(s) +
j−1∑
l=0

∫ sl+1

sl

k(s, t, x(t)) dt+
∫ s

sj

k(s, t, x(t)) dt .

The function φj in (4.22) is an approximation of the first two terms, where the integrals
have been replaced by quadrature rules with nodes tl+αih. The last integral corresponds
to the sum in (4.21). The Runge-Kutta aspect is that the computation of x̃(sj+1) is
performed in several steps. Similar considerations as for initial value problems lead to
formulas for the coefficients. For m = 4 one gets the following scheme (compare (4.20)):

α0 = 0
α1 = 1

2 β10 = 1
2

α2 = 1
2 β20 = 0 β21 = 1

2
α3 = 1 β30 = 0 β31 = 0 β32 = 1
α4 = 1 β40 = β41 = β42 = β43 =

γ0 = 1
6 γ1 = 1

3 γ2 = 1
3 γ1 = 1

3
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A large number of numerical methods for the solution of Volterra equations can be
found in [3]. A method that is used quite often is the so-called product integration:

Example 4.10. The principle of product integration is as follows: find functions
v0, . . . , vn such that for given nodes t0, . . . , tn ∈ [0, s0]∫ s

0
k(s, t)x(t) dt =

n∑
i=0

vi(s)x(ti) , s ∈ [0, s0] , (4.23)

for all piecewise polynomial functions x of a certain order. The construction of such
formulas is similar to the one of quadrature rules. We treat the simple case of equidistant
nodes ti := ih, i ∈ {0, . . . , n}, with h := s0

n
, where (4.23) should hold for all continuous

piecewise linear functions x.
Let x be a piecewise linear function such that x(tk) = δik. Then we obtain that

n∑
k=0

vk(s)x(tk) = vi(s) = 1
h

∫ min{ih,s}

min{max{(i−1)h,0},s}
k(s, t)(t+ (1 − i)h) dt

+ 1
h

∫ min{(i+1)h,s}

min{ih,s}
k(s, t)((1 + i)h− t) dt .

This implies that

v0(s) =


1
h

∫ h

0
k(s, t)(h− t) dt , s ≤ h ,

1
h

∫ s

0
k(s, t)(h− t) dt , h < s , n > 1 ,

vi(s) =



0 , 0 ≤ s ≤ (i− 1)h ,
1
h

∫ s

(i−1)h
k(s, t)(t+ (1 − i)h) dt , (i− 1)h < s ≤ ih ,

1
h

∫ ih

(i−1)h
k(s, t)(t+ (1 − i)h) dt

+ 1
h

∫ s

ih

k(s, t)((1 + i)h− t) dt , ih < s ≤ (i+ 1)h ,

1
h

∫ ih

(i−1)h
k(s, t)(t+ (1 − i)h) dt

+ 1
h

∫ (i+1)h

ih

k(s, t)((1 + i)h− t) dt , (i+ 1)h < s ≤ s0 ,

(4.24)

with i ∈ {1, . . . , n}. Note that the last case can only occur for i < n − 1 and the one
before last only for i < n.
When vi is as above, then (4.23) corresponds to the trapezoidal rule. Therefore, one can
show that it has convergence order O(h2) for sufficiently smooth functions x. If (4.23)
should be exact for piecewise quadratic functions, then one obtains a generalization of
Simpson’s rule with convergence order O(h4). Computer algebra tools are helpful for
the computation of the functions vi.
After approximating the integral operator via (4.23) one can combine that with colloca-
tion at the nodes t0, . . . , tn to approximate the solution x of equation (4.17) (s ∈ [0, s0])
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at the nodes by the solution of the system

x(tj) −
n∑

i=0

vi(tj)x(ti) = f(tj) , j ∈ {0, . . . , n} . (4.25)

Note that, if vi is given as in (4.24), then vi(tj) = 0 for j < i. Thus, the system matrix
in (4.25) is then a triangular matrix which can be simply solved.
Product integration is quite popular for weakly singular kernels. The singularity only
shows up in the computation of the functions vi.
This method can also be applied to so-called Hammerstein equations, i.e.,

x(s) −
∫ s

0
k(s, t)ϕ(t, x(t)) dt = f(s) , s ∈ [0, s0] ,

where ϕ is a a non-linear function. Instead of (4.25) one then obtains the nonlinear
system

x(tj) −
n∑

i=0

vi(tj)ϕ(ti, x(ti)) = f(tj) , j ∈ {0, . . . , n} ,

If one uses vi as in (4.24), one can solve it step by step, where in each step only one
nonlinear equation has to be solved for x(tj).
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5. Sturm-Liouville theory

5.1. Initial and boundary value problems

In this section we will transform initial and boudary value problems for second order
ordinary differential equations with variable coefficients into integral equations so that
we can use the results from Chapters 2 and 4.
We consider equation

p(s)x′′(s) + r̄(s)x′(s) + q̄(s)x(s) = f̄(s) (5.1)

on the intervall [a, b], where p̄, r̄, q̄, and f̄ are real continuous functions and p̄ has no
zeros. Let

p(s) := exp
(∫ s

a

r̄(t)
p̄(t) dt

)
, q(s) := p(s)

p̄(s) q̄(s) , f(s) := p(s)
p̄(s) f̄(s)

for all s ∈ [a, b]. Since p′(s) = p(s) r̄(s)
p̄(s) , multiplying (5.1) by p(s)

p̄(s) yields

f(s) = p(s)x′′(s) + p′(s)x′(s) + q(s)x(s) = (px′)′(s) + q(s)x(s) .

Thus, (5.1) can be transformed into the problem

(px′)′(s) + q(s)x(s) = f(s) , s ∈ [a, b] , (5.2)

with p ∈ C1[a, b] and q, f ∈ C[a, b], where p does not vanish anywhere and p, q are real.
In the following we use the abbreviation

(Lx)(s) := (px′)′(s) + q(s)x(s) , s ∈ [a, b] , (5.3)

and always assume that p, q, and f have the above properties.

Theorem 5.1. Let α, β ∈ R. Then there exists a unique solution x ∈ C2[a, b] of the
initial value problem

(Lx)(s) = f(s) , s ∈ [a, b] ,
x(a) = α , x′(a) = β .

(5.4)

The solution depends continuously on (α, β, f). x satisfies the Volterra integral equation
of the second kind

x(s) +
∫ s

a

k(s, t)x(t) dt = g(s) , s ∈ [a, b] , (5.5)

with
k(s, t) := q(t)

∫ s

t

dτ

p(τ) , s, t ∈ [a, b] , t ≤ s ,

and
g(s) := α + p(a)β

∫ s

a

dτ

p(τ) +
∫ s

a

f(t)
∫ s

t

dτ

p(τ) dt , s ∈ [a, b] . (5.6)

(5.5) has a unique continuous solution.
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Proof: By integration (5.4) immediately yields

x(a) = α , p(s)x′(s) − p(a)β +
∫ s

a

q(t)x(t) dt =
∫ s

a

f(t) dt , s ∈ [a, b] . (5.7)

Note that, if x ∈ C1[a, b] solves (5.7), then x ∈ C2[a, b], since

x′(s) = 1
p(s)

(
p(a)β +

∫ s

a

f(t) dt−
∫ s

a

q(t)x(t) dt
)

(5.8)

and since the right-hand side above is continuously differentiable. On the other hand,
differentiation of (5.7) immediately yields (5.4) so that (5.7) and (5.4) are equivalent.
Due to Fubini’s theorem, integration of (5.8) leads to

x(s) − α = p(a)β
∫ s

a

dτ

p(τ) +
∫ s

a

∫ τ

a

f(t)
p(τ) dtdτ −

∫ s

a

∫ τ

a

q(t)x(t)
p(τ) dtdτ

= p(a)β
∫ s

a

dτ

p(τ) +
∫ s

a

∫ s

t

f(t)
p(τ) dτdt−

∫ s

a

∫ s

t

q(t)x(t)
p(τ) dτdt ,

which implies (5.5). If x is a continuous solution of (5.5), then, due to the continuous
differentiability of s 7→ g(s) −

∫ s

a
k(s, t)x(t) dt, we automatically get that x ∈ C1[a, b].

Furthermore, differentiation yields (5.8). Altogether we have shown that the following
two problems are equivalent:
(A) Find x ∈ C2[a, b] solving (5.4).
(B) Find x ∈ C[a, b] solving (5.5).
Let K be the integral operator with kernel k in C[a, b]. Then Theorem 4.1 implies that
only 0 can be an element of σ(K). Since if λ ∈ σ(K)\{0}, then, due to Theorem 2.33 (b),
λ would be an eigenvalue of K and, hence, also an eigenvalue of the integral operator
induced by k in L2[a, b]. But this would be a contradiction to Theorem 4.1. Thus,
(I +K) is continuously invertible. Therefore, (5.5) has exactly one solution depending
continuoulsy on g. Since, due to (5.6), g depends continuously on (α, β, f), the assertion
follows from the equivalence of the problems (A) and (B).

Now we turn to special boundary value problems for equation (5.2). Thereto, let
α1, α2, β1, β2 ∈ R with

α2
1 + β2

1 ̸= 0 and α2
2 + β2

2 ̸= 0 . (5.9)

We use the notations

B1(x) := α1x(a) + β1x
′(a) , B2(x) := α2x(b) + β2x

′(b) , x ∈ C1[a, b] , (5.10)

and consider the boundary value problem

(Lx)(s) = f(s) , s ∈ [a, b] ,
B1(x) = B2(x) = 0 , (5.11)

with L as in (5.3), B1, B2 as in (5.10), and p, q, f, α1, α2, β1, β2 as above. Note that the
boundary conditions above are homogeneous.
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We will see in the next section that for the solution of (5.11) it will be advantageous to
study the following eigenvalue problem,

(Lx)(s) = λx(s) , s ∈ [a, b] ,
B1(x) = B2(x) = 0 (5.12)

called Sturm-Liouville problem. The solution of (5.11) will be expressed as series with
respect to the eigenfunctions of (5.12).
The existence of nontrivial solutions of (5.12) does not only depend on L, but also on
the boundary conditions that somehow define the domain of L: let

DB := {x ∈ C2[a, b] : B1(x) = B2(x) = 0} .

DB is a normed space with the usual norm in C[a, b]. LB denotes the restriction of L
onto DB, i.e.,

LB := L
∣∣∣
DB

: DB → C[a, b] . (5.13)

Theorem 5.2. Let LB be defined by (5.13) and let ⟨ ·, · ⟩ be the usual inner product in
L2[a, b]. Then LB is symmetric, i.e.,

⟨LBx, y ⟩ = ⟨x, LBy ⟩ , x, y ∈ DB , (5.14)

Proof: Since B1(x) = B2(x) = 0 = B1(y) = B2(y), we obtain that

x(a)y′(a) = x′(a)y(a) and x(b)y′(b) = x′(b)y(b) .

Therefore,

⟨LBx, y ⟩ =
∫ b

a

((px′)′(s) + q(s)x(s)) y(s) ds

= p(b)x′(b)y(b) − p(a)x′(a)y(a) −
∫ b

a

(px′)(s)y′(s) ds+
∫ b

a

q(s)x(s)y(s) ds

= p(b)(x′(b)y(b) − x(b)y′(b)) − p(a)((x′(a)y(a) − x(a)y′(a))

+
∫ b

a

x(s)(p(s)y′(s))′ ds+
∫ b

a

x(s)q(s)y(s) ds

=
∫ b

a

x(s)((py′)′(s) + q(s)y(s))x(s) ds = ⟨x, LBy ⟩

for all x, y ∈ DB, since p and q are real.

In the following we assume that

p(s) < 0 for all s ∈ [a, b] . (5.15)

Note that this is no restriction of the generality, since we assumed that p ∈ C1[a, b]
does not vanish anywhere.
Defining below a Green’s function for LB we will be able to express the solution of
(5.11) as an integral operator applied to f .
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Definition 5.3. Let LB be defined as in (5.13). A continuous function g : [a, b]2 → R
is called Green’s function for LB if g is twice continuously differentiable in

△l := {(s, t) ∈ [a, b]2 : s ≤ t} and △u := {(s, t) ∈ [a, b]2 : s ≥ t}

and if the following three conditions hold:

B1(g(·, t)) = B2(g(·, t)) = 0 for all t ∈ [a, b] , (5.16)

∂

∂s

(
p(s)∂g

∂s
(s, t)

)
+ q(s)g(s, t) = 0

for all t ∈ [a, b] and s ∈ [a, b] \ {t} ,
(5.17)

lim
h→0+

∂g

∂s
(t+ h, t) − lim

h→0+

∂g

∂s
(t− h, t) = 1

p(t) for all t ∈ (a, b) . (5.18)

Note that for every fixed t a Green’s function solves (5.11) (with f = 0) as a function
of s, except for s = t. There, g is not differentiable with respect to s, but satisfies the
jump condition (5.18). For the equation in (5.17) we shortly write

(Lsg)(s, t) = 0 , s ̸= t , (5.19)

where Ls denotes the differential operator L applied to the variable s.
The next theorem says that such a Green’s function exists under a certain condition:

Theorem 5.4. Let LB be as in (5.13). Then there exists a Green’s function if the
homogeneous problem

Lx = 0 , B1(x) = B2(x) = 0 , (5.20)

only has the trivial solution x = 0.

Proof: Let u, v ∈ C2[a, b], u ̸= 0, v ̸= 0 with

(Lu)(s) = 0 , s ∈ [a, b] , B1(u) = 0 , (5.21)

(Lv)(s) = 0 , s ∈ [a, b] , B2(v) = 0 . (5.22)
Such functions exist: according to Theorem 5.1, u could be chosen as solution of the
initial value problem Lu = 0, u(a) = −β1, u′(a) = α1. Due to (5.9), u ̸= 0. Analogously
one can see that v exists. Let now

g(s, t) :=
{
Cu(s)v(t) , s ≤ t ,
Cv(s)u(t) , s ≥ t ,

where C has to be chosen appropriately (see below). Due to (5.21) and (5.22), condi-
tions (5.16) and (5.17) hold independently from the choice of C. Moreover, g is twice
continuously differentiable in △l and in △u and continuous in [a, b]2. We show that

p(v′u− u′v) is constant and different from 0 in [a, b] . (5.23)
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For all s ∈ [a, b] it holds that

d

ds
(p(v′u− u′v)) (s) = (p′(v′u− u′v) + p(v′′u+ v′u′ − u′′v − u′v′)) (s)

= (u((pv′)′ + qv) − v((pu′)′ + qu)) (s)
= u(s)(Lv)(s) − v(s)(Lu)(s) = 0 .

Thus, p(v′u − u′v) is constant in [a, b]. Assume that this constant equals 0. Then,
since p does not vanish anywhere, v′u − u′v ≡ 0. Especially, v′(a)u(a) = u′(a)v(a) and
v′(b)u(b) = u′(b)v(a). But then (5.21) and (5.22) imply that B1(v) = B2(u) = 0, i.e.,
u, v are solutions of (5.20) and, hence, due to the assumption of the theorem, identically
0. This is a contradiction to the construction of u and v. Therefore, (5.23) holds and
we may set

C := 1
p(v′u− u′v) .

With this choice we obtain for all t ∈ (a, b):

lim
h→0+

∂g

∂s
(t+ h, t) = Cv′(t)u(t) and lim

h→0+

∂g

∂s
(t− h, t) = Cu′(t)v(t)

implying (5.18). Thus, g is a Green’s function for LB.

Remark 5.5. Note that the condition that (5.20) only has the trivial solution need not
be satisfied: e.g., the problem −x′′ = 0, x(0) = 0, x(1) − x′(1) = 0 has the solution
x(s) = s.
The proof of Theorem 5.4 is constructive. One can actually determine a Green’s function
by solving the initial value problems (5.21) and (5.22). Doing this, one can also see if
(5.20) has non-trivial solutions. In the notation of the proof this is the case if and only
if v′u− u′v ≡ 0.
Let us apply this construction to the following problem:

Lx := −x′′ + x , B1(x) := x(0) , B2(x) := x(1) .

Then we obtain that

u(s) = sinh(s) , v(s) = sinh(1 − s) ,

p(v′u− u′v) = sinh(1) =⇒ C = 1
sinh(1) .

A Green’s function is given by

g(s, t) = 1
sinh(1)

{
sinh(s) sinh(1 − t) , s ≤ t ,
sinh(1 − s) sinh(t) , s > t .

The next theorem tells us, how to find a solution of the boundary value problem (5.11)
for every f ∈ C[0, 1] using a Green’s function:

81



Theorem 5.6. Let LB be defined as in (5.13) and assume that (5.20) only has the
trivial solution x = 0. Moreover, let G be the integral operator in C[a, b] induced by a
Green’s function g of LB (called Green’s operator). Then: G = L−1

B

Proof: It suffices to show the following three steps:

f ∈ C[a, b] =⇒ Gf ∈ DB , (5.24)
f ∈ C[a, b] =⇒ LGf = f , (5.25)

x ∈ DB =⇒ GLx = x . (5.26)

Let f ∈ C[a, b] and let

x(s) := (Gf)(s) =
∫ s

a

g(s, t)f(t) dt+
∫ b

s

g(s, t)f(t) dt , s ∈ [a, b] .

Since g is twice continuously differentiable on both integration regions,

x′(s) = g(s, s)f(s) +
∫ s

a

∂g

∂s
(s, t)f(t) dt+

∫ b

s

∂g

∂s
(s, t)f(t) dt− g(s, s)f(s) (5.27)

for all s ∈ [a, b]. Thus,

B1(x) = α1x(a) + β1x
′(a) =

∫ b

a

(α1g(a, t) + β1
∂g

∂s
(a, t))f(t) dt

=
∫ b

a

B1(g(·, t))f(t) dt = 0 ,

B2(x) = α2x(b) + β2x
′(b) =

∫ b

a

(α2g(b, t) + β2
∂g

∂s
(b, t))f(t) dt

=
∫ b

a

B2(g(·, t))f(t) dt = 0 .

Formula (5.27) for x′ and the smoothness conditions of g imply that x ∈ C2[a, b] and,
hence, x ∈ DB. Thus, (5.24) holds. Furthermore,

x′′(s) = lim
h→0+

∂g

∂s
(s+ h, s)f(s) +

∫ s

a

∂2g

∂s2 (s, t)f(t) dt

− lim
h→0+

∂g

∂s
(s− h, s)f(s) +

∫ b

s

∂2g

∂s2 (s, t)f(t) dt

= f(s)
p(s) +

∫ b

a

∂2g

∂s2 (s, t)f(t) dt

and, hence, (5.19) implies that

(Lx)(s) = p(s)x′′(s) + p′(s)x′(s) + q(s)x(s)

= f(s) +
∫ b

a

p(s)∂
2g

∂s2 (s, t)f(t) dt+
∫ b

a

p′(s)∂g
∂s

(s, t)f(t) dt

+
∫ b

a

q(s)g(s, t)f(t) dt

= f(s) +
∫ b

a

(Lsg)(s, t)f(t) dt = f(s)
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for all s ∈ [a, b]. Thus, (5.25) holds.
Let now x ∈ DB and f := LBx = Lx ∈ C[a, b]. Then (5.25) implies that LGf = f , i.e.,
LGLx = Lx and, hence,

L(GLx− x) = 0 .

Since, due to (5.24), GLx− x ∈ DB, this implies that

LB(GLx− x) = 0 .

Therefore, GLx−x is a solution of (5.20). But then, due to the assumption that (5.20)
only has the trivial solution, GLx− x = 0, i.e., (5.26) holds.

Remark 5.7. Under the conditions of Theorem 5.6 problem (5.11) has a unique solution
given by

Gf =
∫ b

a

g(·, t)f(t) dt . (5.28)

This also shows that the Green’s function is then unique.
Maybe problem (5.20) has a nontrivial solution or it is hard to find the Green’s function
for LB, but it is much easier to find the Green’s function g̃ of L̃B with L̃x := (px′)′ + q̃x.
Since Lx = f is equivalent to L̃x = f + (q̃ − q)x, (5.11) is equivalent to the integral
equation

x(s) =
∫ b

a

g̃(s, t)(q̃(t) − q(t))x(t) dt+
∫ b

a

g̃(s, t)f(t) dt . (5.29)

The price for the easier computation of the Green’s function is that instead of the direct
evaluation in (5.28) one has to solve the integral equation (5.29).
The Green’s function g satisfies the differential equation (5.19) for all fixed t and s ̸= t.
In s = t it is not differentiable. Formally, based on the theory of distributions, instead
of (5.19) one often writes

(Lsg)(s, t) = δ(s− t) , s, t ∈ [a, b] , (5.30)

i.e., one assigns a value to Lsg also at s = t. The δ-distribution has the property that∫ b

a

δ(s− t)f(t) dt = f(s)

should hold for sufficiently smooth f . Together with (5.30) this then formally yields
that

(LGf)(s) = L

∫ b

a

g(s, t)f(t) dt =
∫ b

a

(Lsg)(s, t)f(t) dt =
∫ b

a

δ(s− t)f(t) dt = f(s)

for all s ∈ [a, b], i.e., that (5.25) holds. Equation (5.30) that can not be satisfied in the
classical sense also formally implies that∫ t+h

t−h

∂

∂s

(
p(s)∂g

∂s
(s, t)

)
ds+

∫ t+h

t−h

q(s)g(s, t) ds =
∫ t+h

t−h

δ(s− t) ds = 1
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for h > 0. Thus,

p
∂g

∂s
(·, t)

∣∣∣t+h

t−h
+
∫ t+h

t−h

q(s)g(s, t) ds = 1 .

Since the second integral vanishes with h → 0, we obtain that:

p(t)
(

lim
h→0+

∂g

∂s
(t+ h, t) − lim

h→0+

∂g

∂s
(t− h, t)

)
= 1 ,

i.e., (5.18). This consideration can, of course, only be a heuristic motivation for (5.18).
Checking the proof of Theorem 5.6, one can see that the jump in ∂g

∂s
, i.e., the exact

formulation of (5.30), was essential for L(Gf) = f to hold. This jump allows the
reproduction of the inhomogeneity f .

5.2. Sturm-Liouville problem

Now we will study the eigenvalue problem (5.12), called Sturm-Liouville problem.

Definition 5.8. Let LB be defined as in (5.13). λ ∈ C is called eigenvalue of LB if
x ∈ DB \ {0} exists with

LBx = λx .

x is called eigenfunction of LB.

So far we did not need condition (5.15) that will be required in the next theorem. If
(5.15) is not satisfied, but p > 0, then the assertions are still true, however positive
eigenvalues will be negative then and vice versa.

Theorem 5.9. Let LB be defined as in (5.13), assume that (5.15) holds and that 0 is
no eigenvalue of LB, g is the Green’s function of LB with induced integral operator G
on L2[a, b]. Then the following assertions hold:

(a) G is selfadjoint.

(b) λ ̸= 0 is an eigenvalue of LB if and only if 1
λ

is an eigenvalue ofG. Each eigenfunction
to the eigenvalue λ of LB is eigenfunction of G to the eigenvalue 1

λ
and vice versa.

All eigenvalues of LB are real.

(c) LB (and G) has only finitely many negative eigenvalues.

(d) The set of eigenfunctions to each eigenvalue of LB (and G) is one-dimensional.
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Proof:

(a) Let x, y ∈ C[a, b]. Then Theorem 5.6 and (5.14) imply that

⟨Gx, y ⟩ = ⟨GLBGx,LBGy ⟩ = ⟨LBGLBGx,Gy ⟩ = ⟨x,Gy ⟩ .

Since C[a, b] is dense in L2[a, b], this yields that ⟨Gx, y ⟩ = ⟨x,Gy ⟩ holds for all
x, y ∈ L2[a, b].

(b) This assertion immediately follows from Theorem 5.6, since LBx = λx is equivalent
to GLBx = λGx, i.e., 1

λ
x = Gx with x ∈ C[a, b]. According to Theorem 2.1,

R(G) ⊆ C[a, b] so that all eigenfunctions of G to eigenvalues different from 0 are
in C[a, b] and, hence, due to (5.24), in DB. Since G is selfadjoint, all eigenvalues
are real.

(c) Let x ∈ DB be arbitrary, but fixed, with ∥x∥2 = 1. We will construct a lower bound
for ⟨Lx, x ⟩ that is independent from x: by partial integration we obtain that

⟨Lx, x ⟩ =
∫ b

a

(p(s)x′(s))′x(s) ds+
∫ b

a

q(s)|x(s)|2 ds

= px′x̄
∣∣∣b
a

−
∫ b

a

p(s)|x′(s)|2 ds+
∫ b

a

q(s)|x(s)|2 ds . (5.31)

We will estimate each term on the right-hand side of (5.31) from below: since
∥x∥2 = 1, it holds that

∫ t

a
|x(τ)|2 dτ ≤ 1 for all t ∈ (a, b]. But then an s ∈ (a, t)

exists with |x(s)| ≤ 1√
t−a

, because otherwise
∫ t

a
|x(τ)|2 dτ >

∫ t

a
1

t−a
dτ = 1. With

such an s we obtain that

|x(a)| ≤ |x(s) − x(a)| + |x(s)| ≤
∣∣∣∣∫ s

a

x′(τ) dτ
∣∣∣∣+ 1√

t− a

≤

√∫ s

a

1 dτ
∫ s

a

|x′(τ)|2 dτ + 1√
t− a

≤
√
t− a ∥x′∥2 + 1√

t− a

for all t ∈ (a, b]. Then this estimate also holds for the value t = t0, where the right-
hand side is minimized. This is the case for t0 := min{b, a+∥x′∥−1

2 }. If t0 = b, then
a+∥x′∥−1

2 ≥ t0, i.e., (t0 −a) ∥x′∥2 ≤ 1 and, hence, |x(a)| ≤ 2√
b−a

. If t0 = a+∥x′∥−1
2 ,

then |x(a)| ≤ 2
√

∥x′∥2. Combining both cases, we obtain that

|x(a)|2 ≤ 4 ∥x′∥2 + 4
b− a

.

If x(a) = 0, then obviously (px′x̄)(a) = 0. Otherwise, due to (5.9),

0 = B1(x) = α1x(a) + β1x
′(a) =⇒ β1 ̸= 0 and x′(a) = −α1

β1
x(a)

and, hence,

|(px′x̄)(a)| ≤ |p(a)|
∣∣∣∣α1

β1
x(a)

∣∣∣∣ |x(a)| = |p(a)|
∣∣∣∣α1

β1

∣∣∣∣ |x(a)|2

≤ C1 ∥x′∥2 + C2 (5.32)
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for some constants C1, C2 > 0 depending on p, α1, β1. Analogously, one can show
that constants C3, C4 > 0 depending on p, α2, β2 exist such that

|(px′x̄)(b)| ≤ C3 ∥x′∥2 + C4 . (5.33)

Due to (5.15) and the continuity of q, constants C5 > 0 and C6 ∈ R exist with

−p(s) ≥ C5 and q(s) ≥ C6 , s ∈ [a, b] . (5.34)

Combining (5.31), (5.32), (5.33), (5.34), and ∥x∥2 = 1 yields

⟨Lx, x ⟩ ≥ −C1 ∥x′∥2 − C2 − C3 ∥x′∥2 − C4 + C5 ∥x′∥2
2 + C6

=
(√

C5 ∥x′∥2 − C1 + C3

2
√
C5

)2

+ C6 − C2 − C4 − (C1 + C3)2

4C5

≥ C6 − C2 − C4 − (C1 + C3)2

4C5
=: C ∈ R . (5.35)

Let us now assume that λ is an eigenvalue of LB with corresponding eigenfunction
x with L2-Norm 1. Then (5.35) implies that

C ≤ ⟨Lx, x ⟩ = ⟨λx, x ⟩ = λ ∥x∥2 = λ .

This means that all eigenvalues of LB are bounded from below by C. If λ < 0 is
an eigenvalue of LB, then C < 0 and 1

λ
≤ 1

C
< 0. But 1

λ
is an eigenvalue of G.

Therefore, due to Theorem 2.33 (c), there can only exist finitely many negative
eigenvalues, because otherwise there would exist an accumulation point of the
eigenvalues of G in (−∞, 1

C
].

(d) Let λ ̸= 0 be an eigenvalue of LB and assume that x and y are two eigenfunctions.
Since B1(x) = B1(y) = 0, (5.9) implies that the system(

x(a) x′(a)
y(a) y′(a)

)(
α
β

)
= 0

has the nontrivial solution α1, β1. This means that the vectors (x(a), x′(a)) and
(y(a), y′(a)) are linearly dependent. Therefore, γ and δ exist with γ2 + δ2 ̸= 0 so
that

γ(x(a), x′(a)) + δ(y(a), y′(a)) = (0, 0) .

But then u := γx+ δy solves the initial value problem

(Lu− λu)(s) = 0 , s ∈ [a, b] ,
u(a) = 0 , u′(a) = 0 .

Now Theorem 5.1 implies that u ≡ 0. Thus, x and y are linearly dependent.
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Corollary 5.10. Let LB be defined as in (5.13), assume that (5.15) holds and that 0 is
no eigenvalue of LB. Then the following assertions hold:
LB has countably many eigenvalues λn, with ∞ as the only accumulation point. For
each λn there exists (up to the sign) only one eigenfunction φn with ∥φn∥ = 1. The
set {φn : n ∈ N} ⊆ DB is a complete orthonormal system in L2[a, b]. Moreover, the
Green’s function of LB is given by

g(s, t) =
∞∑

n=1

1
λn

φn(s)φn(t) , (5.36)

for all s, t ∈ [a, b], where the convergence is absolute and uniform. Problem (5.11) is
uniquely solvable for all f ∈ C[a, b] and this unique solution may be represented via the
absolutely and uniformly convergent series

x(s) =
∞∑

n=1

1
λn

⟨ f, φn ⟩φn(s) . (5.37)

Finally,
∞∑

n=1

1
λn

< ∞ .

Proof: Due to Theorem 5.9 (a) and (c), we may apply Theorem 2.47 in combination
with Remark 2.48 to the integral operator G with kernel g. Then the assertions follow
together with Theorem 5.6 and Theorem 5.9 (b) and (d).
Note that, due to Theorem 5.6, R(G) = DB. Therefore, Theorem 2.37 implies that the
functions {φn} are a complete orthonormal system in R(G) = L2[a, b].
The representation (5.37) follows from Theorem 2.44 and the fact that, due to Theo-
rem 5.6, Gf is the unique solution of (5.11).

Remark 5.11. The corollary above says that, based on the solution theory for integral
equations, one can derive a solution formula for inhomogeneous Sturm-Liouville bound-
ary value problems using eigenvalues and eigenfunctions, leading to the absolutely and
uniformly convergent series (5.37).
It is also possible to interpret (5.37) in such a way that the series

x(s) =
∞∑

n=1

⟨x, φn ⟩φn(s)

is absolutely and uniformly convergent for all x ∈ DB. For the special case Lx := −x′′

this yields assertions about the absolute and uniform convergence of Fourier series (see
Example 5.12). In addition, Corollary 5.10 provides the possibility to construct several
different complete orthonormal systems in L2[a, b], namely eigenfunctions of Sturm-
Liouville problems.
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Example 5.12. Let Lx := −x′′, B1(x) := x(0) and B2(x) := x(π), i.e.,

DB = {x ∈ C2[0, π] : x(0) = x(π) = 0} .

Since the general solution of Lx = λx is given by

x(s) = a cos
(√

λs
)

+ b sin
(√

λs
)
,

it follows from the boundary conditions that nontrivial solutions of LBx = λx can only
exist if a = 0 and

√
λ ∈ N. Thus, the eigenvalues of LB are the numbers n2 with n ∈ N.

The corresponding normed eigenfunctions are given by
√

2
π

sin(ns). Therefore, it follows
with (5.36) that the Green’s function g of LB is given by

g(s, t) = 2
π

∞∑
n=1

sin(ns) sin(nt)
n2 ,

where this series converges absolutely and uniformly in [0, π]2. If one computes g via
the construction suggested in the proof of Theorem 5.4, one obtains

g(s, t) = 1
π

{
s(π − t) , s ≤ t ,
t(π − s) , s ≥ t .

The solution x of
−x′′(s) = f(s) , s ∈ [0, π] ,
x(0) = x(π) = 0

with f ∈ C[a, b] can be directly calculated via integration or written as an absolutely
and uniformly convergent series (see (5.37))

x(s) = 2
π

∞∑
n=1

1
n2

∫ π

0
f(t) sin(nt) dt sin(ns) .

This is a representation in terms of the Fourier coefficients of f . By the way, it is a
consequence of (2.67) that

∞∑
n=1

1
n2 =

∫ π

0
g(s, s) ds = 1

π

∫ π

0
s(π − s) ds = π2

6 .

Remark 5.13. Let us assume that the conditions of Theorem 5.9 are satisfied and that
g is the Green’s function of LB, then one can transform problem

Lx = λx+ f , B1(x) = B2(x) = 0 , (5.38)

with f ∈ C[a, b] and λ ∈ R into the equivalent integral equation

x− λGx = Gf ⇐⇒ 1
λ
x−Gx = 1

λ
Gf ∈ R(G) ⊆ N (G)⊥ . (5.39)

If λn and φn are as in Corollary 5.10 and if λ is no eigenvalue of LB, then Corollary 2.39
implies that the solution of (5.39) and, hence, also of (5.38), is given by

x =
∞∑

n=1

〈 1
λ
Gf, φn

〉
1
λ

− 1
λn

φn . (5.40)
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Note that {φn

λn
: n ∈ N} is an eigensystem for G. Since〈

1
λ
Gf, φn

〉
= 1
λ

⟨ f,Gφn ⟩ = 1
λλn

⟨ f, φn ⟩ ,

(5.40) implies that

x =
∞∑

n=1

⟨ f, φn ⟩
λn − λ

φn .

Using Example 5.12, we obtain that, if λ ̸= n2 for n ∈ N and if f ∈ C[0, π], then the
unique solution of

−x′′(s) = λx(s) + f(s) , s ∈ [0, π] ,
x(0) = x(π) = 0 , (5.41)

is given by

x(s) = 2
π

∞∑
n=1

1
n2 − λ

∫ π

0
f(t) sin(nt) dt sin(ns) .

In a similar way one can use (2.53) to find conditions for the solvability of (5.41) and
a representation of solutions if λ = n2.
Using this study of problem (5.38), one can see what one can do if 0 is an eigenvalue
of LB: one then considers the operator L̃x = LBx − λx, where λ should not be an
eigenvalue of LB. Since only countably many eigenvalues exist accumulating in ∞, one
can easily find such a λ (compare Remark 5.7). 0 is now no eigenvalue of the operator
L̃B. Using its Green’s function and the fact that LBx = f is equivalent to L̃Bx = f−λx,
one can solve LBx = f .
A similar theory as for Sturm-Liouville problems treated above can be developed for
more general problems of the kind

1
r(s) [(p(s)x′(s))′ + q(s)x(s)] = f(s) , s ∈ [a, b] ,

α1x(a) + β1x
′(a) + γ1x(b) + δ1x

′(b) = 0 ,
α2x(a) + β2x

′(a) + γ2x(b) + δ2x
′(b) = 0 ,

where r is positive and continuous and the boundary conditions are independent. One
then uses the inner product

⟨ f, g ⟩r :=
∫ b

a

f(t)g(t)r(t) dt

in the space L2([a, b]; r) := {f : ⟨ f, f ⟩r < ∞} = L2[a, b]. After finding the Green’s
function g, the induced integral operator is given by

(Gf)(s) :=
∫ b

a

r(t)g(s, t)f(t) dt .

Even the case r(a) = 0 can be treated which is essential for Bessel’s differential equation

x′′(s) + 1
s
x′(s) +

(
λ− r2

s2

)
x(s) = 0
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in [0, 1]. It can also be written in the form

1
s

(
(sx′(s))′ − r2

s
x(s)

)
= −λx(s) .

Remark 5.14. The problem – find q ∈ C[0, 1] such that the Sturm-Liouville problem

−x′′(s) + q(s)x(s) = 0 , s ∈ [0, 1] ,
x(0) = x(1) = 0 ,

has a prescribed sequence λ1, λ2, λ3, . . . as eigenvalues – is called inverse Sturm-
Liouville problem. A possible interpretation is as follows: What mass distribution of
a clamped string guarantees prescribed eigenfrequencies? The results of this chapter
show that a solution is only possible if the sequence (λn) satisfies the following condi-
tions: it has at most finitely many negative values, it accumulates in ∞, and

∑∞
n=1

1
λn

is convergent.
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