Notes on probability distributions and their interpretation
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A. Probabilities 10

I. DISCRETISATION AND PROBABILITIES
A. Discretisation of the one-particle Schrodinger equation

To help reasoning about probabilities it is convenient to think about discretisations of the Schrodinger equation. We consider
a one-dimensional one-particle system with Schrodinger equation:

L) e = et (0
2dx2

where x is a one-dimensional real coordinate and where we impose the boundary condition @(0) = @(L) = 0. We can write this
as

(H)(x) = ep(x) )

where H = T + V is the Hamilton operator and where the kinetic and potential energy operator are defined as:

N 1 d2(p N
Te)x)=—-5— Vo)(x) = v(x)p(x) 3)
2 dx?
Suppose we want to solve this problem on a computer, then we need to find a numerical procedure to solve the differential
equation. An obvious approach is to use discretisation where we evaluate @ in a discrete number n of points x; for which we
would like to evaluate the values @; = ¢(x;). We take

L
n+1

x; =i AL AL = 4)

such that x; = 0 and x,,; = L such that with our boundary conditions @(x,) = 0 and ¢(x,,,) = 0. We now want to evaluate
@(x) in the n remaining points (x, ..., x,). We denote by @ the n-dimenional vector:

@ = (p(x1),...,0(x,) = (@1, ..., 9,) )

The action of the operator ¥ in Eq.(88) is simply

Vo)(x) = v(x)e(x;) (6)
In our discretised version this simply maps the vector ¢ = (¢, ..., @,) to
vy 0 ... ... 0)(e
0 U2 0 v E (pz
Vo)=1@1,-..00,)=1: 0 ~ . ] @)
: v 0 :



where we defined the diagonal matrix V' by

Ul 0 . 0
0 v, O :
V= 0 oo (8)
Un—] 0
0 ... ... 0 v

So the potential operator acting on the discretised version of the wavefunction ¢ is simply represented by the diagonal matrix V.
We now want to derive a matrix representation of the kinetic energy operator 7. To do this we consider the following to Taylor
series

d AL d?%¢

@(x;11) = @(x; + AL) = o(x;) + AL%(X,) + ( 2) —( D+ )
d AL)? d2

@(x;_1) = @(x; — AL) = ¢(xi)—AL£(xi) ( 2) —( D+ (10)

Adding both expansions and neglecting higher order terms than (AL)? give the equation

d
o(x;_ 1)+(p(x,+1)—2(p(x)+(AL)2—( i) (1T)
and we thus obtain
d2_¢(x) (p(x;—1) = 20(x;) + @(x;11)) (12)
a2 (AL)2(p i-1 @) T PXip

an equation which becomes more accurate when n — oo and AL = L/(n+ 1) — 0 (in fact you can check from the Taylor
expansion that the error is of order (AL)? since odd powers cancel in the addition we used above). Taking into account the
boundary conditions @(x;) = @(x,.1) = 0 we see that we can write Eq.(12) as

dxz(xl) Clr 20 e
0 1 =~ =~ off : (13)

@ =2 1 || @

dx2 £(x,) 0 ... 01 2\ g,

and therefore we can represented the kinetic energy operator as

A -2 1 0 ... 0
(qu)(xj) dx2 (xl) 1 =2 1 0 : ;;
S Y B =_;2 0 1 - - ofl 7 |=7¢ (14)
. . 2 : 2(AL) : -, _2 1 (pn—l
(To)(x,) dx2( ) 0 ... 0 1 =2J\ o,
where we defined the matrix
-2 1 0 0
| 1 =21 0 :
T =-— o 1 - - 0 (15)
2(AL)? | . B
0 0o 1 -2

21 0 ... 0) (v, 0 0
| 1 21 0 : 0 v, 0 ... :

H=T+V =- - w0+ 0 (16)
2(AL) -2 1 : U1 O



Diagonalising this matrix then gives the desired eigenvectors ¢ and their eigenenergies. We can also give a formula for the matrix
elements of this matrix in terms of Kronecker delta functions:

1
Hij =_m(5i,j+l_25ij+6i,j—l)+vi5ij (17)
where i, j € {1, ...,n}. We can readily check that indeed

n

1
Z{Hijq’j z_m((pi—l =20+ @ip1) + Ui0; (18)
j:

as desired, so that the Schrodinger equation is transformed into the matrix equation

n
ZHij(pj = €Q; (19)
j=1

Since the Hamilton matrix H is real we can choose the corresponding eigenfunctions to be real as well. We also have to choose
a normalisation of the eigenfunctions. * If we replace the norm integral of the continuum case by a Riemann sum we have

L n
1= / dx @*(x) ~ AL ) o(x;)? (20)
0 i=1
and therefore we require the vector ¢ to be normalised according to
Zn‘, ;= Ai @1)
i=1 L
We can thus always write
1
((pl"'-7(pn)=—(ll/]s""ll/n) (22)
VAL
where
n n
Z H;y; = ey; Z q/iz =1 (23)
j=1 i=1

which is a useful expression since practical diagonalisation routines use this normalisation. As an example we solve numerically
the harmonic oscillator

1d> 1, L, _
<_§ﬁ + 560 (x— 5) > P(x) = ep(x) 24)

on the interval [0, L] for L = 1. We choose @ = 100 so that the wavefunctions fit nicely in the interval and we take n = 400.
The result and the comparison to the analytic normalised solution

1 (9
N

for the m-th excited state (where H,, is the m-th Hermite polynomial) is given in the short Mathematica code attached to the end
of these notes. You can play around with this code to solve the Schrodinger equation for other potentials.

W, (x) = Yie 3 (Valx — %)) (25)

B. A finite Hilbert space perspective: one particle

For the generalisation to more particles and for getting a deeper insight in general it is useful to view the expansion in the
previous section from the viewpoint of a basis set expansion. For the points x; = iAL withi € {1,...,n} and AL =L/(n+ 1)
we let

AL AL

o1 o1
li—[xi—T,xi+7[— [(I—E)AL,(1+§)AL[ (26)



be an half-open interval of length AL centred around x; (where we remind that x € [a,b[ means a < x < b). We define the
normalised functions

1
e,(x) = { VAL XEL @7)
0 x¢1,

so that e;(x) represents a state in which there is a particle in interval I; with certainty. The functions e;(x) have the properties

L
e;(x)e;(x) = 6ije,.2(x) / dxe;(x)"e;(x) = §;; (28)
0

and so the functions e;(x) for i € {1,...,n} form an n-dimensional orthonormal basis. We now consider the n-dimensional
complex Hilbert space H,, spanned by the functions e;(x). An arbitrary function in H, is thus of the form

W) = ) v e(x) (29)
i=1

for some coefficients y;. If ¥ is normalised then we have

1= (P1¥) = Y wiwlele) =) Iyl (30)
i=1

ij=1

We thus see that we can interpret the coefficients y; in Eq.(29) as probability amplitudes. Since e;(x) described a state in which
there is a particle in interval Z; with certainty we see that:
|2

|w;|“ = the probability that the particle is located in interval 3D

If we want ¥(x) to approximate a continuum solution for a single particle in a potential v(x) then we can take y; to satisfy
Eq.(23) for the Hamilton matrix with the matrix elements of Eq.(17). If we take always real eigenvectors, then in every point x;
the function ¥(x) agrees with ¢(x;) of the previous section since

v

n n 5
W)= Dwel) =) w——= =0, (32)
! ; ! Z‘ VAL AL

where we used Eq.(22). From Eq.(31) we thus see that
|W(x j)|2 AL = |y; |2 = the probability that the particle is located in interval Z; (33)

In the limit n - oo or AL = L/(n+ 1) — 0 the function ¥(x) then converges to the normalised continuum solution ¢(x) of
Eq.(24).

C. A finite Hilbert space perspective: many particles

Now we turn our attention to the case of N fermionic particles in one spatial dimension, where all particles are located in the
interval [0, L]. For simplicity we neglect spin so we are dealing with so-called spinless fermions which are described by purely
spatial anti-symmetric wavefunctions. We start by defining the Slater determinants out of the one-particle functions e;(x), i.e.
we define:

e; (x1) ... e _(x1)
! L N ! lo]
er(xy, ..., xy) = —— : =— Z(—l) o) (X1) - €oiy ) (XN) (34)
o

Vi Vi

where I = (iy,...,iy) is a multi-index in which i; < ... < iy and i} € {1,...,n}, which also implies that n > N. In the last
step o denotes a permutation of N elements and || denotes its parity, while the sum extends over all N'! permutations. Note that
here the variables x; denote continuum spatial variables for particle j and not grid points. The states e; form an orthonormal set:

e (Xn) e e (xy)

L
(eI|eJ>:/ dxl...dNeI(xl,...,XN)*eJ(xl,...,XN):5[_]:6ilj1...5[NJN (35)
0



where J = (j;,...,Jjn) With j; < ... < jun. The function e; describes a state in which there is a particle in the intervals
1; ,....1;, with certainty. A general N-particle state ¥ can then be expanded in these state
W(xp,.xy) = ) Prep(xy, ., xy) (36)
I
where the sum is over all ordered multi-indices I = (iy,...,iy) Withi; < ... < iy and i, € {1,...,n}. If we take ¥ to be

normalised we have

L= (PIW) = )W (erles) = DWW 6, = ) 1,1 (37)
1.J 1,J 1

In view of the probability interpretation of e;, we can assign to ¥, the following meaning:

'Y, |> = the probability to find a particle in all of the intervals L,....1;, (38)
Let is now select N coordinates x;, € I; with j; <... <jy. Then
Wixps oo xy) = D Wy e Xy xy) = D W e 5, = % (39)
g T VNIW/ADY VNIWVALN
So we also find that for x; € I; we have
NU¥(xy, ..., xy)P(AL)N = |¥;|* = the probability to find a particle in all of the intervals 7, , ..., T, (40)

N

In the next step we are going to look at the particle density n(x) and the pair density I'(x, x"). To do that it is actually more
instructive to look at these quantities from a more general point of view. We define the diagonal k-particle density matrix as

N!
D (xps o) = e / dXppy o dX NP, o0 x )] (41)

Then I'y = N!|¥|* and Eq.(40), for x; € Z; , becomes
Ty (xps e xp)I2(AL)Y = |¥|* = the probability to find a particle in all of the intervals Z; , ..., I; | (42)

The density is then given by n(x) = I';(x) and the pair-density by I'(x, x") = T, (x, x"). Since ¥ is normalised the diagonal density
matrix satisfies

N!
/dxl...dxkrk(xl,...,xk)=(]V—_k)! (43)
so that, in particular:

/dx nx)=N /dxdx/ I'(x,x')=N(N -1) 44)

Another useful relation is

dx, T — dx; ...dxy|¥ 2
Xk k(xl,...,xk)—m X ooe le (Xl,...,XN)l
N! N —(k-=1))!

( ( ) o Gy evesXp) = (N =k + Dy (e, o, X)) 45)

(N k! N1

Let us now calculate I'y, for an arbitrary state of the form of Eq.(36) in our finite Hilbert space. Before doing that let us first derive
an equation that we will use in that calculation. We have

* 1
eI(xl, ,XN) eJ(Xl, ey XN) = ﬁ Z(—l)lUHI”IeG(iI)(XI) eo.(iN)(xN)e”(il)(xl) en.(iN)(xN)
‘o

1 2 2
= ﬁ 2(—1)|O'|+|ﬂ|(—1)|U|+|7[|50_(i1)ﬂ.(}‘1) 5U(iN),[UN)eg(il)(x1) eo‘(iN)(xN) (46)
.



where we used the first property in Eq.(28) and ¢ and z denote permutations of N elements. We see that if I and J are not the

same sets then at least one of the Kronecker delta functions must vanish and therefore we have only a nonzero result when I = J.
In that case we also must have that 7 = ¢ to avoid zero terms and we thus obtain

* _ 51.1

eI(xl, ,XN) eJ(xl, ,XN) = N'

o

N CID N oY) @7
If we use this expression then we can readily calculate the diagonal k-particle density matrix to be:

| TP Z‘{‘*‘PJ(N k)|/dxk+1...deeI(xl,...,xN)*eJ(xl,...,xN)
(N o] Z‘I‘*‘PJ(S”Z/dka...deei(il)(xl)...ei(iN)(xN)
c

- WZITIIZ i ¥ -+ €5 (X1
I

(48)
We can write this as
n
LpCeps s x) = D, Ty €0 (o) er (60 (49)
J1sesdi=1
where we defined
1 2
U= N —h! 21: 1112 Y 81001 -+ Bt (50)
This expression also implies that
Fjl-ujk = FT(jl)---T(jk) GD

for any permutation 7 of k elements. Now for any permutation of N elements there are (N —k)! permutations that map (i, ..., i;)
to (ji,...,Jjx) and this only gives a nonzero contribution when the elements {j, ..., j,} are contained in the multi-index I,
typically in a reordered fashion, which we denote by I 3 {ji, ..., j;}. So it therefore follows that

Fj1~--jk = Z |‘P1|2 (52)
I3{j1,--sji}

where we sum over all ordered multi-indices I containing the integers {j, ..., j. }. Note that the set {j, ..., j, } is not necessarily
ordered and that the labels typically occur in a reordered fashion in the multi-index 1. Clearly from Eq.(52) it follows that I';

)
is zero when the labels {j;, ..., j; } are not distinct. From the probability interpretation in Eq.(53) it then follows v
I'; .. j, = the probability to find a particle in all of the intervals Z, , ..., 1, (53)
Further, choosing x; € T; gives
r r; o= Y T, 6 g, = ek 54
K(Xps e xg) = Z i Jl(xl) -ej (xp) = Z Do Ly Ot e = (ALY (54
..... Jie=1 J1seesdi=1

such that Eq.(53) implies that, for x; € T; :

Cp(Xqs .., x )(AL)* = I'; ..j, = the probability to find a particle in all of the intervals 7, , ..., T, (55)

which clearly illustrates the physical meaning of the diagonal k-particle density matrix. We continue by deriving a few useful

relations. We have
U= 2 1P 9 P=1 (56)
I3{j1s- ik} 1



and therefore

0<T; , <1 (57)
The expression (52) also implies that
L= 2 P Y wP=r, (58)
Is{jy, ik} I{jys- g1}
From Eq.(43) it follows further that
N n n
m = Z T i /dx1 cdxiel (x)) € (xy) = | Z T (59)
Jiaeeg=1 Jtoendi=1
while Eq.(45) tells us that
n
Y, =WN—k+DT, (60)

Jrk=1
The probabilities in Eq.(59) do not add up to one because the probability events we consider are not exclusive; we will address
this issue in detail below. In particular for the density, n = I'|, we have the relations

n n

n(x) = Y n;eX(x) =) ¥ Y n=N (61)

i=1 I>i i=1

Lety ;€ 1 j be a coordinates in interval 7 > then we see that

n n o n.
— 2 _ ij "
n(y;) = gln Ay = ; NN (62)
We therefore see that
n(y j)AL =n; = the probability to find a particle in the interval 7 ¥ (63)

which therefore assigns a clear probability interpretation to the density (and which is a special case of Eq.(55) for k = 1). We
can derive analogous formulas for the pair density I' = I';:

n n
Tx,x)= ) T, eF(x)er(x) = > 190 D T, =NN-1) (64)
i,j=1 I>{i,j} i,j=1
while Eqs.(58) and (60) imply that
T, =T, <n Zr,.j =(N - n; (65)

Let y, and y, be coordinates in the intervals I, and Z,, then we see that

n n
(e ) = i; Iy E0ei) = i; ry fA"z’)’z = (AFZ’)Z (66)
We therefore see that
'y, y,)(AL)2 =T, = the probability to find a particle in the interval 7, and another one in interval 7, ©7)
which again is a special case of Eq.(55) for k = 2. We can continue calculating conditional probabilities. We have
pilj) = % = the probability to find a particle in the interval Z; given that we know that there is a particle in interval T;

j
(68)



where the first expression in Eq.(65) tells us that 0 < p(i|j) < 1 as it should. From the equations above we see that for y; € I,
andy; € I;

Ty _TOny)@L? Ty

plilj)=—= = (69)
n; n()’j)AL ”(Yj)
and from Eq.(65) we see that
n 1 n
Dopilp)=—YT;=N-1 (70)
i=1 nj i3

Again the probabilities do not sum to one in general, since the conditional probability to find a particle in interval Z; do not
exclude the possibility of there being another particle in another interval, unless N = 2 in which case the sum of the probabilities
is indeed equal to one.

D. Anillustrative example

We illustrate the basic probability concepts with a very basic example of three particles and four intervals, we have N = 3 and
n = 4. Then a general 3-particle state is of the form

V=Y3e13+¥iens+ Wiz e+ ¥Yozgen3s (71)

where for compact notation we do no write the arguments of ¥ and the functions e; ; ;.. Since the function is normalised we have

1= |¥os? + W4 * + [¥134]? + [Wosul? (72)

The density coefficients n; are readily calculated from the second expression in Eq.(61) to be

ny = Wil + [Piol® + W51 (73)
ny = |Winsl? + [P0 * + Wz 74)
ny = Wi l? + P34 + Wose|? (75)
ny = Wiogl? + [P3* + Wose|? (76)
Summing the densities we find
ny+ny g+ ng =30 0317+ Wi * + Wiag* + [Wase) =3 (77

so the density indeed sums up to three. The reason that the densities do not sum to one is that the finding a particle in interval
1, does not exclude that we can find another particle in another interval 7 ;, so these probabilities are not exclusive. This is clear
since for any index i € I in our example there are two indices referring to particles in other intervals. Only for a one-particle
system this is not the case and indeed in that case the density coefficients n; sum up to N = 1. For the pair densities we have
from the second expression in Eq.(64):

Ty =Pl + ¥l T3 = [W 10307 + [Pl (78)
T3 =Pl + [P Doy =[P4l + [Pl (79
Ty =Pl + P34 Ty = [P1a4]? + [Wosul? (80)

andI';; = I';;. From this we can confirm the last expression in Eq.(64):

Z I =2 Z Ty = 6(Wios1> + 1Wioal” + [W134° + W34 = 6 81
ij i<j
Finally we can consider conditional probabilities, for example

2(112) = T _ ¥ 1031 + Wil
ny Wil + [Pl + [Possl?

(82)



We can further calculate the probability p(1 U 2) that there is a particle in Z; or in Z,. From the probability rule (see Eq.(A8) in
the Appendix)

P(AUB) = P(A) + P(B)— P(AN B) (83)
we see that
p(lu2)y=n;+n,—-T7,
= (Wiosl® + 112> + [Wiaal) + (Winsl® + 11241 + [Waal®) = (Winsl® + %124 1)
= [Wins 7 + [Wiog | + W30 + [Pael> = 1 (84)

This was to be expected since there is no multi-index I in which both labels 1 and 2 are missing, so we are sure to find a particle
in either interval I, or in 7,.

E. Finite differencing for the many-particle Schrodinger equation

The finite differencing for the many-particle Schrodinger equation proceeds along similar lines as that for the one-particle case.

We have an anti-symmetric wavefunction W(xy, ..., x ) satisfying the Schrodinger equation
1w &
= D S tulxy e xy) | W xy) = E¥(x, L xy) (85)
2 =l dxi

where the potential u can be of general form in following, but is typically of the form

N N
ulxy, o xn) = D 00e) + ) w(xg, X)) (86)

k=1 k<l

for some external potential v(x) and two-body interaction w(x, x"). We can write the Schrédinger equation as
(HY)(x|,...,xy) = E¥(x],...,Xx) 87)

where H = T + U is the Hamilton operator and where the kinetic and potential energy operator are defined as:

A 1 N d2\P
(qu)(x],...,xN) = —— Z

—_— (ﬁ(p)(xl,...,xN)=u(xl,...,xN)‘P(xl,...,xN) (88)
2a dxi

We following the same consideration as of the one-particle case. We employ for each of the coordinates x; the boundary condi-
tions
‘P(xl,...,xk_l,(),xk+1,...,xN)=0 ‘P(xl,...,xk_l,L,ka,...,xN)=0 (89)

We take AL = L/(n+ 1) and discretise coordinate x by defining the lattice points x; =i, AL for iy € {1,..., N}. Let us now
define

O =W(x;,....x;, I=(y,...,ix) (90)
where at this point we do not require an ordering of the i, yet. The action of the potential is simple as before
OW)(x; o) = U s X PO X)) 1)

Its action as a matrix on the vector @; is then again given by a diagonal matrix of the form

Uy =ér5u; 92)
where we denoted u; = u(x; , ..., x; ). To determine the action of the kinetic energy operators we again do the Taylor expansions:
d¥ (ALY? 429
lI’(...xikJrl...)=‘I‘(...x,k+AL...)=‘I‘(...x,-k...)+ALd—Xk(...xik...)+ > d_xi(mxi"m)-i-m 93)
d¥ (ALY? ¥
lI’(...xik_l...):‘I‘(...xik—AL...):‘I‘(...x,-k...)—ALd—Xk(...xik...)+ > d—xi(...xik...)+... (94)
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where the dots denote the other coordinates that are kept fixed. As before we add both equations and neglect higher order terms
and re-arrange to obtain

d*¥ 1
ﬁ e X )= AL? ‘P(...xik_l )= Z‘P(...xik ...)+‘I’(...xik+1 .2
k
1
= (ALY Qi iy =gy iy zq)il...ik_l,[k,ik+1...iN T Qi i it Ly iy ) (95)
It then follows that
1d°¥ C
_E dx2 (... Xip ) = 2 T‘ikjkq)il“'ik—lﬂjkvik+1~~iN (96)
k Jk=1
where T}; is the matrix of Eq.(15). The kinetic energy is then given by
N n
(T(p)(xl-l ’xiN) = Z Z ’Tikjkq)il--~ik—1-jkvik+1--~iN 7
k=1 j,=1
such that the discretised Schrodinger equation becomes
N n
Z Z Ekjkq)il---ik—lvjkvik+l-<-iN +u[l~--iNq)i1--~iN = Eq)ilm”N ©8)
k=1 j,=1
This can be written as
D H @) = E®, (99)
J
where here the sum goes over all indices J and not only over the ordered ones. If we define the matrix
Hp; =T +Uyp, (100)
where
N
Ty, = 25i111 5ik—1jk—11—}kjk5ik+ljk+l 5iNjN (101)
k=1

The expression (99) is the many-particle generalisation of the one-particle finite difference equation (19).

We will say a bit more later, but it is late on Friday now and I would also like to enjoy the weekend :-)

Appendix A: Probabilities

Here we give some basic relations related to the calculation of probabilities. A simple probabilistic experiment is given by a
total set of outcomes €, like the numbers Q = {1,2,3,4,5,6} that occurs as all possible outcomes from throwing a dice, and
the set of events A of interest, like the set A = {4, 5,6} for throwing a number larger than 3 with a dice. For any given set .S we
denote by |.S| its number of elements. Then the probability P(A) for an outcome in A is defined as

_ Al

P(A) =
(A) Q)

(AD)
This probability model is sometimes referred to as Laplace’s rule for equiprobable events since the elementary events, i.e. sets
containing a single element of Q, are equally probable with probability 1/|€2|. This models well the throw of a dice in which all
single outcomes are equally likely with probability 1/6. From Eq.(A1) we see that the probability of throwing larger than 3 is
P(A) =3/6 = 1/2. If we are given a second outcome set, like the set B of prime number in Q, i.e. B = {2,3,5}, then we can
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ask for the probability of throwing a prime number larger than 3, i.e. the probability that an event is both in A and in B. Since
we have AN B={4,5,6} n{2,3,5} = {5} we find

ANB
[AnB| _1 (A2)

P(ANB) = a

For two disjoint sets A and C with an empty intersection A N C = @, we have that the number of elements in their union A U C
is the sum of the number of elements in the separate sets, i.e.

|[AUC| = |A| +|C] (A3)
This describes mutually exclusive events, and in that case we have

[AuC] _ |A]+C]

P(AUC) =
|2 |2

= P(A) + P(C) (A4)

and this is easily extended to any number of disjoint sets. For example let C = {1, 2} describe the events of throwing less than 3
with a dice. Then P(C) = 2/6 = 1/3 and for our other example set A = {4, 5,6} we have ANC = @ and therefore the probability
for throwing a number that is either larger than three or lesser than three is given by P(A)+ P(C) = 1/2+1/3 =5/6. The main
question now is how to calculate P(AU B) when A and B are not disjoint. We derive this now and we start with some definitions.
We let A \ B the set of elements of A that are not in B. Since A = (A \ B) U (A N B), where A \ B and A N B are disjoint, it
follows from Eq.(A4) that

P(A)=P(A\B)+ P(ANB) = P(A\B)=P(A)—P(AnB) (A5)
Now we have
AUB=(A\B)U(ANB)U(B\ A) (A6)
where all the sets within round brackets on the right hand side are disjoint. It thus follows that
P(AUB) = P(A\ B)+ P(An B)+ P(B\ A) = (P(A) — P(AN B)) + P(An B) + (P(B) — P(An B))
= P(A)+ P(B)— P(AN B) (A7)

where in the last step we used Eq.(AS) as well as that equation with A and B interchanged. For overlapping sets A and B
expression (A4) is thus generalised to

P(AUB)=P(A)+ P(B)— P(An B) (A8)

We can apply this to our example sets A and B; the probability to throw a prime number or a number larger than three with a
dice is given by
1 5

P(AUB):P(A)+P(B)—P(AnB)=l+1——=— (A9)
2 2 6 6

which we also could have calculated directly from the union A U B = {2,3,4,5,6} and which indeed gives the same result as it

should. Finally we consider conditional probabilities. We denote by P(B|A) the probability of finding an outcome in B given

that we have an outcome in A. This is clearly given by

IAnB| _|AnB|/IQl _P(ANnB)

P(B|A) = = =
Bl =7 A1) P(A)

(A10)

In our example the probability of throwing a prime number, given that we know we threw a number larger than three, is P(B|A) =
1/3. We finally remark that by repeated application of Eq.(A8) we can calculate probabilities of unions for three and more
overlapping sets. For example

P(AUBUC)=P(AUB)+ P(C)— P(AUB)NC)=PA)+ P(B)—P(ANB)+ P(C)—P(ANC)u(BNC(C))

=P(A)+ P(B)+ P(C)—P(ANB)—(P(ANC)+ P(BNC)—P(ANC)Nn(BNC(C)))
= P(A)+ P(B)+ P(C)—P(ANB)—P(ANC)—P(BNC)+ P(ANBNC) (A1)



In[234]:=

In[238]:=

In[239]:=

In[240]:=

In[241]:=

In[242]:=

This is a very short Mathematica code that illustrates how you can solve the 1-dimensional
Schrédinger equation using the finite difference method described in the notes.

We take the example of an harmonic oscillator as we can check the result by comparing to the
known analytic result.

We choose the following parameters

h = 400;
L=1.0;
AL=L/ (n+1);
w=100;

The grid points are given by the expression:

X['i_] = 1 % AL;

The kinetic energy matrix is given by

T=-0.5(1/AL) A2 Table[KroneckerDelta[i, j +1] -
2 KroneckerDelta[i, j] + KroneckerDelta[i, j-1], {i, 1, n}, {j, 1, n}];

while the potential energy matrix for the case of the harmonic oscillator is given by

V= 0.5w"2Table[KroneckerDelta[i, j] * (x [i] - L/2)*2, {i, 1, n}, {j, 1, n}];

and the Hamiltonian H is simple the sum of both matrices:

H=T + V;

Then we calculate the eigenvectors by diagonalisation of H and normalise them such that the
Riemann sum of the squared wavefunctions sums to one. For the normalisation used in
Mathematica this requires division by the square root of AL. We store eigenvectors in a new matrix
called Eigmat:

Eigmat = Eigenvectors[H] /Sqrt[AL];

Now everything is done and we can plot. We plot below, as an example, the second excited state.
Since Mathematica orders the n eigenvectors with the highest eigenvalue first, the second excited
state

corresponds to label n-2:
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In[243]:=
ListPlot[Table[{x[j], Eigmat[n-2, j1}, {j, 1, n}]1]

out[243]=

2k

\Y

We can now compare this result to the known analytic solutions for the normalised harmonic
oscillator eigenfunctions. The m-th normalised eigenstate is given by:
In[244]:=
g[m_, x_] = (w/Pi)*(1/4) EXp[-0.5w (X-L/2)"2]
HermiteH[m, Sqrt[w] (x-L/2)] (1/Sqrt[(27m) Factorial[m]]);
and we plot the second excited state, i.e. we choose m=2:
In[245]:=
Plot[¥[2, x], {x, 0, L}]

out[245]=
2k

By comparing the result we see that the finite difference solution is a very good approximation to
the analytical solution.



