
EXERCISE SET 10
PARTIAL DIFFERENTIAL EQUATIONS 2, 2017

DEADLINE 06/04/2017 at 12:15

1.Validity of (strong) Harnack
Does the Harnack estimate (Theorem 4.25).

ess sup
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u

hold for positive supersolution of ut − ∆u = 0 ? What about positive subsolutions? Are
positive supersolutions locally Hölder continuous ?

2.Validity of corollary 4.19
Is it true that for positive supersolutions of ut −∆u = 0, we have
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for any s > 1? (This was shown for subsolutions in the lecture note).

Hint: what happens for time independant supersolutions ?

3.A Liouville theorem as a consequence of Harnack inequality
The Harnack inequality, while local in nature has global implications. Using the Harnack
inequality, show that bounded continuous solutions to ut −∆u = 0 in Rn × R are constant.
Hint: Sow that osc

Rn×R
u = 0 (what happens when we take Rm instead of R when we iterate

the oscillation estimate as in the proof of the Hölder inequality ? what can we say about θk

as k→∞ (in the proof of Holder continuity for parabolic equations) what can we say when
Rm → +∞).

4.Weak maximum principle for weak solutions
We consider uniformly parabolic equations Let ΩT = Ω × (0, T ) and ∂pΩT := (Ω × {0}) ∪
(∂Ω× (0, T )). Let u be a weak solution to ut −∆u+

∑n
i=1 biDiu = 0 in ΩT . Show that

sup
ΩT

u = sup
∂pΩT

u

In the lecture (see week 10) we showed the result for ut −∆u = 0.

5.Weak maximum principle for classical solutions
We consider uniformly parabolic equations. Let ΩT = Ω × (0, T ) and ∂pΩT := (Ω × {0}) ∪
(∂Ω× (0, T )). Let u be C2 with respect to x and C1 with respect to t in ΩT and u ∈ C(ΩT ).
Show that if ut −

∑n
i aiiDiDiu ≥ 0 in ΩT then

min
ΩT

u = min
∂pΩT

u

Hint: what can we say about Du, ut, D
2u if u reaches a minimum in ΩT ? get inspired

from the elliptic case.
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