
FYSS5540 - Density functional theory

Exercise set #6 2017

Daniel Karlsson, YN241, daniel.l.e.karlsson@jyu.fi

Hand in the solutions via email to Daniel Karlsson. The deadline for this problem set is Tuesday
24.10. In this exercise set, you can (and should) make use of any tool you like, for example Math-
ematica, Maple, Matlab etc. The only thing required is that you should explain clearly what you
did.

1 Local density approximation and gradient corrections

In this exercise, we will perform a local approximation to a simple example, and then add gradient
corrections.
The main idea of the local density approximation is to assume that the density of an inhomogeneous
system behaves locally as the density of a reference system, the uniform system of the interacting
electron gas. The LDA generally becomes better if the density has a slow variation in space. If the
density varies more, one could assume that one needs to take gradients of the density into account,
which then yields the gradient corrections. Assume we have a curve, which is parametrized by the
angle θ as

r(θ) = R(1 + ε cos(nθ)) θ = [0, 2π], 0 < ε < 1

The parameter ε determines the deviation of the curve from a circle, while n determines how rapidly
the radius changes with angle. The curve length S is given by

S =

∫ 2π

0

dθ

√
r2 +

(
dr

dθ

)2

a) Make a local approximation to the curve length, S =
∫
dθf(r(θ)). For which type of curves

is this exact? Determine f from this ’reference system’. Compare the exact curve length to the
local approximation for n = 1 for various ε. Why is the agreement so good? Compare the exact
curve length to the local approximation for fixed ε for various n. Why is the agreement so bad?

The gradient expansion can be seen as the next order term to the local approximation, when we
expand in orders of the gradient.

b) Derive the gradient expansion to the length of a curve. Compare the gradient expansion to
the local approximation and the exact solution. For fixed n = 1, do you see an improvement?
Is this expected? For fixed ε = 0.2, do you see an improvement? Is this expected? What do
you expect will happen if we add corrections of higher order in the gradient?
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In the context of DFT, the local approximation and the gradient expansion are referred to as the
Local Density Approximation (LDA) and the Gradient Expansion Approximation (GEA). For a
given functional A[n], they have the following shape

AGEA[n] =

∫
dr
(
a(n(r)) + b(n(r))|∇n|2

)
where the first term is the LDA.

c) Compare the LDA and GEA of the non-interacting kinetic energy Ts to the exact non-
interacting kinetic energy of Hookium! (see previous exercises). In this case, the functional
dependence of n of the exact Ts[n] is explicit. Why? Describe how you would obtain Ts if there
would be no such explicit dependence. Finally, name one system in which the GEA gives the
exact Ts.
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