
FYSS5540 - Density functional theory

Exercise set #8 2017

Daniel Karlsson, YN241, daniel.l.e.karlsson@jyu.fi

Hand in the solutions via email to Daniel Karlsson. The deadline for this problem set is Tuesday
7.11.

1 Zero-Force theorem

There are not so many rigorous constraints on the exact exchange-correlation potential. One such
important constraint is the zero-force theorem, which states that exchange-correlation effects cannot
change the total momentum of a system (since interaction effects are internal forces) Rigorous results
are very important in TDDFT, since we can see which kind of approximations which break these
exact results, and we can see why the ALDA works so well (since ALDA is based on a physical
system, the electron gas, this approximation fulfills many such exact results)

The total momentum P(t) is defined as

P(t) =

∫
dr j(r, t). (1)

The rate of change of the total momentum (the total force) can be obtained from the Heisenberg
equation of motion for j, and yields

dP

dt
= −

∫
dr n(r, t)∇v(r, t). (2)

which simple states that the rate of change of the total momentum of the system is given by the
external potential. That is, the internal forces coming from the interaction does not change the total
momentum.

a) The total momentum can also be written as

P(t) =

∫
dr r

dn

dt
(3)

Prove this. This also proves that the total momentum of the Kohn-Sham system Ps(t) is
identical to P(t).

The zero-force theorem in TDDFT states that∫
dr n(r, t)∇vxc(r, t) = 0, (4)

a requirement that not all approximations fulfill.
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b) Prove the zero-force theorem in TDDFT!

c) Prove that the ALDA (vxc(r, t) = dεxc

dn |n=n(r,t)) satisfies the zero-force theorem.

2 Time-Dependent Energy

One of the observables which can be directly obtained from the density (and thus readily calculated
in TDDFT) is the time-dependent energy.

Show that the time-dependent energy of an interacting many-body system with a time-
dependent potential v(r, t) is given by

E(t) = Egs +

∫ t

0

dt′
∫

dr
∂v(r, t′)

∂t′
n(r, t′) (13)

where Egs is the ground state energy obtained from calculating the energy with potential v(r, t =
0).

Thus, given the groundstate energy, we can obtain the time-dependent energy at time t from
knowing the density at all times t′ < t. We see that we need the whole history of the density. If
we instead had access to the wavefunction, we only need the wavefunction at time t to obtain the
energy at time t. This history-dependence comes from our reduced description of the problem.
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