
FYST420 Advanced electrodynamics Exercise 6 November 8, 2016
Hand in to Luis Cort (YN253) or his mailbox. Deadline: Monday November 14, 4
p.m.

Equations of motion on ellipsoids

The goal of this exercise is to get some experience with taking derivatives on
curved space. In this exercise we will consider an ellipsoid as our playground.
An ellipsoid in R3 can be defined as a surface satisfying

x2

a2
+
y2

b2
+
z2

c2
= 1,

where x, y and z are the usual cartesian coordinates. As a parametrization we
will use

x = a sin θ cosϕ

y = b sin θ sinϕ (1)

z = c cos θ.

1) Determine the metric of the parametrization in Eq. (1). It will be con-
venient to reduce the the number of terms depending on θ and ϕ. Later
we have to take derivatives of the metric, so less terms means less work.
(1 point)

2) Give the Lagrangian for a particle on the ellipsoid under the influence of
a potential V . (1 point)

3) Find equations of motion (EOMs) for the particle in terms of θ and ϕ.
(2 points)

Hint: If you did not already reduce the number of terms in the metric,
it is strongly adviced to do so now.

4) Calculate the Christoffel symbols of the first kind and check with the
result in Prob. 3. (1 point)

5) The EOMs have a rather complicated structure since θ and ϕ are not
orthogonal. However, from the metric we see that if we set b = a, the
coordinates become orthogonal and also the EOMs simplify considerably.
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Further, assume that the potential corresponds to an electric field in the
z-direction, V = qEz. Show that the EOMs can be written as

ϕ̈ = −2 cot θ θ̇ϕ̇, (2a)

θ̈ =
sin θ

a2 cos2 θ + c2 sin2 θ

(
cos θ

(
(a2 − c2)θ̇2 + a2ϕ̇2

)
+

q

m
Ec

)
. (2b)

(1 point)

6) Solve the EOM for ϕ (2a) explicitly. You should find

ϕ̇ =
L

ma2 sin2 θ
, (3)

where L is an integration constant depending on the initial conditions.
(1 point)

7) Apparently the product ma2 sin2 θ ϕ̇ is a conserved quantity in time. Ex-
plain this result physically. (1 point)

8) Take as initial condition ϕ̇(0) = 0. Show that for small angles the EOM
for θ (2b) can be approximated as

θ̈ =
θ

a2

(
(a2 − c2)θ̇2 +

q

m
Ec

)
. (4)

If qE < 0, the particle will oscillate on the top of the ellipsoid. In general
the EOM can still not be solved analytically. However, without the first
term (when a = c) the EOM is easy to solve. Solve the EOM, in this case,
for θ and find the frequency ω of the oscillation. (1 point)

9) Including the first term (when a 6= c), the frequency of the oscillation
changes. For small difference in the axes, we can approximate the contri-
bution from θ̇2 as a time average over a period. Show that the frequency,
ω̃, in this approximation can be written as

ω̃2 =
(

1− a2 − c2

2a2
A2

)
ω2, (5)

where A is a constant.

Discuss the behaviour of the frequency ω̃ compared to ω if the ellipsoid is
prolate (“cigar”) or oblate (“pancake”) shaped. (1 point)
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