
FYST420 Advanced electrodynamics Exercise 7 November 17 2016
Hand in to Luis Cort (YN253) or his mailbox. Deadline: Wednesday November 23 , 4 p.m.

Imprisonment by the magnetic monopole

The equation of motion for a particle in the field of a magnetic monopole can be written
in cartesian coordinates as

r̈ = αṙ × r

r3
, (1)

where r = |r| and α ≡ qqM/(mc) with q being the electric charge of the particle, qM is
the strength of the magnetic monopole, m is the mass of the particle and c the speed
of light.

1) Show that the total speed, u2 = |ṙ|2, and the total angular momentum, l2 = |L|2,
are conserved.

Suppose that the particle would start at the magnetic monopole. What would be
its trajectory? (1 point)

2) Show that the trajectory of the particle lies on a cone. (1 point)

Hint: First show that r × r̈ = α ∂tr̂ where r̂ = r/r is the unit vector. Then
solve for r̂ and show that C · r̂ = −α where C is an integration constant.

3) Can a charged particle pass a magnetic monopole? (1 point)

Since the trajectory lies on a cone, it will be convenient to use spherical coordinates.
However, Eq. (1) is only valid for cartesian coordinate systems. Fortunately, we now
have all the tools available to formulate the EOM in a general coordinate system! The
cross-product can be represented in a general coordinate system with a combination of
the Hodge-star operator and the wedge product (Sec. 3.4 in the Lecture Notes ). The
time-derivative of the velocity vector will be replaced by a covariant derivative (Chap.
5. in the Lecture Notes ). Putting everything together, we can now write the EOM in
a general frame as

Dẋ

dt
= α ?

(
ẋ ∧ x

|x|3

)
, (2)

where x and ẋ are co-vectors. For the spherical coordinates we will use

(x1, x2, x3)ᵀ = (r sin θ cosϕ, r sin θ sinϕ, r cos θ)ᵀ. (3)

4) Evaluate the covariant derivative of ẋ in spherical coordinates. (1 point)

5) Calculate the right-hand side of Eq. (2) in spherical coordinates. Note that in
spherical coordinates, the one-form for x/ |x|3 is dr/r2.
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You should find that Eq. (2) in spherical coordinates becomes

r̈ − rθ̇2 − r sin2 θϕ̇2 = 0, (4a)

r2θ̈ + 2rṙθ̇ − r2 cos θ sin θϕ̇2 = α sin θϕ̇, (4b)

r2 sin θϕ̈+ 2r sin θṙϕ̇+ 2r2 cos θθ̇ϕ̇ = −αθ̇. (4c)

(1 point)

6) Show that Eq. (4a) can be written as

rr̈ = u2 − ṙ2. (5)

(1 point)

7) Solve the differential equation (5) to obtain

r(t) = a
√

1 + τ 2, (6)

where τ = ut/a and we used one integration constant to shift t such that at t = 0
the particle is closest to the magnetic monopole. The shortest distance is given
by a. Further show that a = l/(mu). (1 point)

8) Since the particle travels on a cone, it will be convenient to use the polar axis as
the central axis of the cone, since in that case θ will be constant. In particular,
the EOMs (4) simplify considerably. Use the EOMs for r (4a) and θ (4b) to show
that this angle is given by

θ = cot−1 β, (7)

where β ≡ αm/l. Use this result in (4b) to solve for ϕ(t). You should find that

ϕ(t) = −
√

1 + β2 tan−1 τ + ϕ0. (8)

(1 point)

9) Make a sketch of the trajectory of the particle when it approaches the monopole
and describe how the velocity changes along its trajectory. (1 point)

10) Relativistically, a particle becomes effectively heavier as its speed approaches c.
The correction for this effect can be simply incorporated in Eq. (1) as

d

dt

ṙ√
1− u2/c2

= α
ṙ × r

r3
. (9)

Show that the total velocity, u2, is still conserved and that all the previous results
remain valid by scaling α to

α̃ = α
√

1− u2/c2. (10)

(1 point)

Hint: Consider the dot product of (9) with ṙ. (Needless to say, you don’t have
to re-derive every result of the exercise, as verifying the starting point is enough.)
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