
FYST420 Advanced electrodynamics Exercise 8 December 1 2016
Hand in to Luis Cort (YN253) or his mailbox. Deadline: Wednesday December 7, 2 p.m.

Charged particle in a monochromatic laser beam

In this exercise we will consider an ubiquitous problem in physics. How does a charged
particle, e.g. an electron, behave in a linearly polarized monochromatic laser beam.
It turns out that we can find an analytic solution for this problem. Note that the
presented approach does also work for the more general case of electromagnetic fields
(E,B) ∼ f(x− ct) where f is some function only depending on the difference x− ct of
the Cartesian coordinate system (ct, x, y, z). Further, this exercise will show you that
the introduction of a vector-potential A has some practical advantages.

Consider the electromagnetic field of a linearly polarized monochromatic laser beam
propagating in x-direction with angular frequency ω and wave vector k = kex (wave-
number k = ω/c)

E = B0 cos(ωt− kx)ey ,

B = B0 cos(ωt− kx)ez .

Here ei are the spatial unit vectors, i.e. the orthonormal basis of the spatial part of the
tangent-vector space, of the Cartesian coordinate system chosen, and B0 is a constant
(fields of equal strength). The corresponding vector potential in some suitable gauge
is

A = −A0 sin(ωt− kx)ey ,

where A0 = cB0/ω.

1) Derive the relativistic equations of motion for (ct(τ), x(τ), y(τ), z(τ)) parametrized
in the proper time τ and rewrite them in terms of the vector-potential A such
that

E = −1

c

∂A

∂t
and B = ∇×A =

∂A

∂x
.

(1 point)

2) Show that the y and the z component of the momentum

π = mẋ+
q

c
A
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with ẋ = dx/dτ are constants of motion. Derive from this ẏ(τ) and ż(τ) with the
initial conditions

t(0) = x(0) = y(0) = z(0) = 0

ṫ(0) = ṫ0, ẋ(0) =ẋ0, ẏ(0) = ẏ0, ż(0) = ż0 .

Use this to rewrite ẍ = −(∂/∂x)g(x, t) and cẗ = (1/c)(∂/∂t)g(x, t) where the
function g(x, t) is to be determined. (2 points)

3) Deduce that

ẍ = cẗ =
1

2ac

∂

∂τ

(
− qA
mc

+ ẏ0

)2

where a = ṫ0 − ẋ0/c. Do so by first showing that ẍ− cẗ = 0. Then conclude that
A(x− ct) is purely a function of the proper time τ , i.e. calculate x− ct. (3 points)

4) Calculate now explicitly the components of the path. (1 point)

So far we did not specify the second set of initial conditions. The choice of these initial
conditions amounts to a choice of the reference frame.

5) Oscillation center frame — Determine (ṫ0, ẋ0, ẏ0, ż0) such that the linear parts
of the motion of x(τ) are zero, i.e. that the frame of reference moves with the
oscillation center of the particle. Sketch the motion of the particle in the xy-plane
for two different field strengths B0. Show that in the limit of B0 → ∞ we have
for the amplitudes in the xy-plane

max |x| → c

4ω
,

max |y| → c

ω

√
2 .

(2 points)

Hint: Apart from your EOMs, also use that ẋµẋ
µ = −c2.

6) Laboratory frame — Choose now a particle with ẋ0 = ẏ0 = ż0 = 0 and sketch the
motion of the particle in the laboratory reference frame in the xy-plane. What
is the limit of the amplitudes max |x| and max |y| if B0 → ∞? Discuss also the
non-relativistic limit in the laboratory reference frame. (1 point)
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