
FYST630 - Many-Body Theory, problem set # 4

November 4, 2015

Hand in the solutions to the mailbox of Robert van Leeuwen on the second floor of the Nanoscience center.
The deadline for this problem set is at 10am on Tuesday 10.11.

1 Generalized Langreth Rules

Let a(z, z′), b(z, z′), c(z, z′), d(z, z′) be a set of functions in the two-time the keldysh space. We can then define the convolutions

C1(z, z′) =

∫
γ

dz̄ a(z, z̄)b(z̄.z′) , (1)

C2(z, z′) =

∫
γ

dz̄dz̄′ a(z, z̄)b(z̄, z̄′)c(z̄′, z′) . (2)

(a) Suppose that a(z, z′) = aδ(z)δ(z, z′) then show that the convolution C1(z, z′) decomposes into the components

C
≷
1 (t, t′) = aδ(t)b≷(t, t′) , (3a)

C
e
1(t, τ) = aδ(t)be(t, τ) , (3b)

C
d
1(τ, t) = aδ(τ)bd(τ, t) , (3c)

CM1 (τ, τ ′) = aδ(τ)bM (τ, τ ′) (3d)

2 pts.

(b) Suppose that b(z, z′) = bδ(z)δ(z, z′) then show that the convolution C2(z, z′) decomposes into the components

C
≷
2 (t, t′) =

∫ ∞
t0

dt̄
(
a≷(t, t̄)bδ(t̄)cA(t̄, t′) + aR(t, t̄)bδ(t̄)c≷(t̄, t′)

)
− ı

∫ β

0

dτ̄ ae(t, τ̄)bδ(τ̄)cd(τ̄ , t′) . (4)

2 pts.

(c) Show that the integral of a contour convolution reduces to an integral on the imaginary track, that is∫
γ

dz C1(z, z±) = (−ı)2
∫ β

0

dτdτ ′ aM (τ, τ ′)aM (τ ′, τ±) (5)

2 pts.

2 T-Matrix Approximation

The self-energy approximation known as the T0-matrix approximation (introduced on the lectures) is given in terms of the
non-interacting (G0) and interacting (G) Green’s functions by

ΣT0(1; 1′) = ±ı
∫
γ

d1̄d2̄
(
T0(1, 1̄; 1′, 2̄) ± T0(1, 1̄; 2̄, 1′)

)
G(2̄; 1̄+) , (6)

where the upper/lower signs relate to bosons/fermions, and v(1, 1′) ≡ δ(z1, z
′
1)vδ(x1,x

′
1; z′1) is the time-local two-body

interaction. The T0-matrix appearing above satisfies the integral equation

T0(1, 2; 1′, 2′) = δ(1, 1′)v(1, 2)δ(2, 2′) + ı

∫
γ

d1̄d2̄ v(1, 2)G0(1; 1̄)G0(2; 2̄)T0(1̄, 2̄; 1′, 2′) . (7)

1



Expand the T0-matrix self-energy of Eq. (6) up to second order with respect to the two-body interaction, and write the
resulting terms diagrammatically.

2 pts.

These self-energy terms can be written diagrammatically by following the convention

• Green’s functions are represented with directed lines:

G0(1; 1
′) = 1 1′

G(1; 1′) = 1 1′

• two-particle interaction is represented with a (undirected) wiggly line:

v(1, 1′) = 1 1′

and the diagrammatic rules

1. draw all Green’s function and interaction lines

2. label all vertices: integrate over internal vertices, and draw out-/in-going connections for external vertices.
Connections can be for example denoted with

3. prefactor of a diagram is ın(±)l, where n is the number of interaction lines and l the number of closed loops

These self-energy terms can be decomposed into their time-local, greater, lesser, right, left and Matsubara components. Use
the generalized Langreth rules introduced on the lectures to evaluate these components in terms of the Keldysh
components of the Green’s functions. What kind of issues you encounter when evaluating the second order diagram

1

1′

with help of the generalized Langreth rules when the wiggly line is not time-local?

2 pts.

total of 10 pts.
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