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Symmetry and Symmetry breaking 

Unitary operators, representing the symmetry group of the  
Hamiltonian. 

For the Hamiltonian of the system: 

Degenerate states! Ground state is a linear superposition of them. 

There exists beautiful symmetries of the system: translational, rotational, 
 parity, etc. 



Symmetry and Symmetry breaking 

However, we are not using such perfect Hamiltonian, for the reason 
that we do not know how to solve many body problem exactly! 

For the case of particle numbers: 

Degenerate in energy, and the ground  
state is a linear combination of them. 

What is more, we know well how to use independent particle wave functions. 
 
This assumption is generally not valid, because there are  
correlations between particles.  
 
E.g.: occupation number is varied for one state, the others have to be varied  
correspondly to maintain the same particle number of the system.  



T Duguet and J Sadoudi,  
J. Phys. G: Nucl. Part. Phys., 37, 064009 
(2010) 

Looking for "a suitible symmetry to break" when collective effects  
are present,which can not be described by single-particle wave functions. 
 
 

Symmetry and Symmetry breaking 

Hartree-Fock method: Self-consistent mean 
field  
 
Hartree-Fock Bogolubov approximation 



Symmetry and Symmetry breaking 

In the presence of pairing fields, HFB approximation is 
often used. 
 
 
 
 

Corresponding unitary transformation: 
 

The quasi-particle vacuum is  
characterized  by the generalized  
density matrix: 

Under this unitary transformation: 
 

HFB Hamiltonian 

Particle numbers are no longer conserved! 



Restore broken symmetry :Projection method 

(a) Variation before the projection (VBP) 

is obtained by variation 
principle. 

The energy can then be obtained: 

Advantage: fast, easy 
Disadvantage:violates the variational principle, because we do not vary  
the projected wave function.   



Restore broken symmetry :Projection method 

(b) Variation after the projection (VAP) 

The projected energy functional is used  
for the variation. 

Advantage: exact, respect the variational principle 
Disadvantage: expensive, complicated 

M. V. Stoitsov, J. Dobaczewski, R. Kirchner, W. Nazarewicz, 
and J. Terasaki, Phys. Rev. C 76, 014308 (2007). 



Multi-Reference: Generalized Wick formula 

Density-dependent  
interaction:  
mock the 3-bd force 

J Dobaczewski,  et al.,PHYSICAL REVIEW C 76, 054315 (2007); T. Duguet, et al., PHYSICAL REVIEW C 79, 044320(2009); D. Lacroix et al., PHYSICAL  
REVIEW C 79, 044318(2009)  ;  M. Bender et al., PHYSICAL REVIEW C 79, 044319(2009);   etc. 
  

  
Skyrme 
 force 

GCM technique 

Restore broken symmetry :Projection method 

There exists problems for the beyond mean field  
application for the energy density  functional theory! 



Restore broken symmetry :Lipkin method 

For the case of particle numbers: 

Degenerate in energy, and the ground  
state is a linear combination of them. 

However, HFB Hamiltonian H breaks this good property, 
which causes the trouble! 

 

Suggested by Lipkin, we can correct the HFB Hamiltonian 
H, by using an auxilary Routhian:  
 

Reminding: 

The Lipkin operator K, which is a function of the shifted particle-number operator  chosen so 
as to “flatten” the N-dependence of average Routhians calculated for the particle-number 
projected states, i.e, the states        become degenerate again! 
 

energy independent 
 against particle 
number fluctuations! 
 

H.J. Lipkin, Ann. Phy.  9, 272 (1960) 
 



Restore broken symmetry :Lipkin method 

The minimized energy, obtained by the full variation after PNP (VAPNP),  
can also be obtained through an auxiliary Routhian， 
 

As there is no exact operator for evaluating the energy change caused by  
particle number fluctuation, we have to assume the Lipkin operator 
 

energy independent 
 against particle 
number fluctuations! 
 

Make a guess 
A power expansion 

If the particle number of the system is not too small, the Lipkin method  
could be approximated by a power expansion.  
E.g., 1st order is OK if the particle numbers goes to infinitiy!  

For finite nuclei, we have limited particles and shell effect, etc. 
H.J. Lipkin, Ann. Phy.  9, 272 (1960) 
J. Dobaczewski, J. Phys. G: Nucl. Part. Phys. 36, 105105 (2009) 



Lipkin method 

By generalized Wick theorem, the kernels can by simply obtained,  

"Mixed density prescription" 
   L. M. Robledo, J. Phys. G: Nucl. Part. Phys. 37, 064020 (2010) 



If this Routhian is energy independent against particle number  

Lipkin method 

Linear equations. They can be used to fix the  
Lipkin parameters.  



Lipkin method 

For second order:  

The gauge angles can be chosen near the origin, which also  
avoids the singularity problem of the energy kernel! 
  
The second order of Lipkin method is usually done under the prescription 
proposed by Nogami:   

Phys. Rev. 134, B313  
– Published 27 April 1964 
Yukihisa Nogami 

Difficult to go to high orders!   



Lipkin method 

By going to the sixth order, we would like to test the validation of  
power expansions,and also, whether the VAPNP energy can be obtained  
by this method! 
 
If so, we get a cheap method to obtain the ground-state energy!  
 
And we do not need to worry about the singularity (which occurs quite 
 far away from original points).  
Just like a regularization method. 



The convergence of Lipkin method is satisfied, if the derived Lipkin  
Parameters are independent against the chosen gauge angles! 

If the Lipkin parameters are fairly constant against maximum gauge angle,  
it means the current order is sufficiently precise. 

 
Neglect proton  
pairing, test Lipkin 
Method  in the 
neutron subsystem. 
 
Even orders only for  
the test. 
 
Three shifted gauge 
 angles needed for 
sixth order. 
 
 

Results: 

HFB: 
SIII + volume pairing 



For the magic nucleus, the convergence is slightly slower. The Lipkin parameters are 
significantly higher than those for Sn-120.  

For the magic system 



at order M=2, 4, 6 

The test of Lipkin operator: 



The accuracy of Lipkin method 

To the 2π region Sn-100 
As there is a kink in the particle-number dependence of the projected energies, which 
appears at the magic shell closure, it cannot be properly described by a polynomial 
expansion  

To the 2π region Sn-120 
Well  approximated by a polynomial expansion. 



Calculations for tin and lead isotopes 



Except for nuclei near closed shell, VAPNP by Lipkin method is very 
 close to the projected energy after the variation. 

Calculations for tin and lead isotopes 



+ε 

-ε 

Ω 

Ω 

Test by toy model: two-level model 



Thanks! 
 
 
 



 
Also, it might be concluded that 
The odd term is dominated by k1--- so-called fermi energy. 
The correction by higher oder odd term would be very small. 
 
 
 

Flattened Routhian 



Additional issue: cross term 

However, we have protons and neutrons. 

In case of paired neutrons and protons, the energy kernel is 
tilted in gauge 
space, which could not be simulated by only the diagonal 
Lipkin operator. 
The Routhian will not be flat against particle number 
fluctuations. 



We consider a Skyrme-like energy density, with a form of 

surface energy, symmetry energy, and Wigner energy  

W. Satuła, R. Wyss  
Nuclear Physics A 676 (2000) 120–142 

Even for the simplest term, we have  

Cross term: where is it from? 

When both the neutron and proton system are superfluid: 

Protons and neutrons 
are already coupled  
in p-h fields! 

Based on the liquid-drop model 



Again: Expansion! 

First one! 

Endless term... Hope we could be lucky! 

But with two kinds of particles:  

Cross term: form? 



Cross term 



For a test 
 
SIII + volume pairing 

A=48: 
          Ca    Ti    Cr     Fe     Ni 
Z-N=   -8     -4    0     4        8 

f7/2 nuclei 

One cross term: 

Cross term 

Diagonal term: 6th orders for neutrons and protons 
respectively. 



        Lipkin: w.o. cross   Energy kernel      Lipkin: cross 

Cross term: energy kernel 

The Routhian is  
flatted by the first 
cross term. 
 
 
 



Lipkin: w.o. cross   particle number projection   Lipkin: cross 

Energies of neiboured nuclei calculated by 
the polynomial of the Lipkin operator. 

Cross term: energies of neiboured nuclei 

The Lipkin operator seems  
to be nearly perfect.. 
 
 
 



Cross term: correlation energy 

However, the correction energy brought by the cross term is zero! 
Quite a pity! Thus we do not need this cross term for our daily calculations of 
ground-state energies. 
REASON: no proton-neutron mixing in the present EDF (perhaps). p-n pairing? 
Require further studies. At least we know how to handle these cross term for now. 

 
 
 



Cross term: A=48 nuclei 

Again, at mid shell, a good convergence of Lipkin method has reached.  
Near closed shell, it become poor. 
The parameter of the cross term could indicate the strength of neutron-proton correlations. 

 
 
 

lacking of Wigner  
energy effect in EDF 

liquid-drop model 


